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Abstract

In this work, we present our continuum limit calculations of electrical interactions in
ionic crystals and dielectrics. Continuum limit calculations serve two main purposes.
First, they give an idea of how the macroscopic behavior of the material is related to the
interactions at the atomistic scale. Second, they help in developing a multiscale numerical
method, where the goal is to model the material both at the scale of atoms and at the
macroscale.

We consider two important settings for the continuum limit calculation: nanorod-
like materials, where the thickness of a material in the lateral direction is of the order
of the atomic spacing, and the materials, where atoms are randomly fluctuating due
to the thermal energy. Our calculations, for the nanorod-like materials, show that the
electrostatics energy are not long-range in continuum limit. We also consider the discrete
system of dipole moments along the straight line and along the helix. We then compute
the limit of the energy as the separation between the dipole moments tends to zero. The
energy, in the continuum limit, is short-range in nature. This agrees with the calculations
of [Gioia and James, 1997] for the magnetic thin films. We consider the system of atoms
which are fluctuating due to thermal energy. We model the charge density field as random
field and compute the continuum limit of the electrostatics energy.

In second part of the thesis, we present the Quasicontinuum method for the electro-
mechanical deformation of the material at a finite temperature. There are two difficul-
ties associated with this : one is the calculation of the phase average, and, second is
the long-range interactions of the charged atoms. We use max-ent method presented in
[Kulkarni et al., 2008] to formulate the problem as a minimization problem with respect to
the atomic position and the atomic momenta. For the electrical interactions in the multi-
scale method, we use the continuum limit of the energy for the random charge density field.
We have modified the existing Quasicotninuum code, see [Marshall and Dayal, 2013], to
implement the multiscale method. The code is an further extension of the code written

by Jason Marshall [Marshall and Dayal, 2013].
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Chapter 1

Introduction

The macroscopic behavior of the material is a result of a vast number of atoms or molecules
interacting at the atomic scale. The separation of scales between the atomic spacing and
the size of the material is enormous. It is not always necessary to know the details of a
small-scale interaction to understand the average behavior, or behavior at the large scale,
of material. But, there are cases when the small-scale interactions play a significant role
in the materials response in large scale, and in such situations, the small-scale interac-
tions can not be ignored. Consider the case of the defects in a material: we know that
defects influence the material properties like elastic modulus and thermal conductivity.
See [Wan et al., 1986] and [Hao et al., 2011].

In theory, the macroscopic behavior of a material can be computed by looking at
the interactions of all particles or atoms at a small scale. But, this is computationally
challenging and expensive, and, in some cases, it is nearly impossible to do calculations
with all the atoms in a given material. Due to the vast separation, both in the time
dimension and in the spatial dimension, the approximation of small-scale interactions is
necessary. In [Tadmor and Miller, 2011], we get the clear idea of various length scales
associated with the material. Roughly, in the spatial dimension, the small length scale is
1071 meters, related to the atomic spacing and the point defects, and, the large length
scale is 1072 meters to 1 meters, associated with the cracks and the grain size. In the time
dimension, the small length scale is 107! seconds, associated with the atomic vibration
and wave propagation, and, the large length scale is of the order of 10 seconds, associated

with the fatigue, creep, and the solidification of metals.



Therefore, we need a numerical method which can capture the small-scale interactions,
wherever it is necessary and important, and approximate the small-scale interactions
elsewhere. We refer to such method as a multiscale method. The multiscale method
aims to combine both the atomistic model and the continuum model. Continuum limit
of small-scale interactions plays a vital role in the multiscale method. To explain the
continuum limit, consider the material of some fixed size. We subject the material to very
slowly varying deformation (or affine deformation) and compute the volume average of
energy. Continuum limit of the energy is the limit of the average energy of the material

when the size of material tends to infinity.

Typically, in any multiscale method, we divide the sample into two regions: the con-
tinuum region and the atomistic region. In the continuum region, we approximate the
small-scale interactions. In the atomistic region, we do the exact atomistic calculation.
If the continuum region consists of a large number of atoms or particles, and the de-
formation is slowly varying, we can use the continuum limit of energy to approximate
the interactions within continuum region. The choice of a atomistic region depends on
the problem. Suppose, we want to model the nanoindentation of material. The natural
choice would be to select the small region, surrounding the place where we are indenting
the material, as an atomistic region. And, as we move away from the indenting zone, we
can use the continuum limit of the energy. Similarly, in the case of a single point defect,
we will select the small region surrounding the defect as an atomistic region, and use the
continuum limit as we move away from the defect. Adaptive meshing can also be used to
automate this selection. Based on the energy of the atoms, and the deformation, we select
the region as an atomistic. See [Tadmor and Miller, 2011], [Mielke, 2006], [Milton, 2004]

for general treatment of the multiscale method and the continuum limit.

In this work, we mainly focus on the electrical interactions in materials. We can use the
work presented in this thesis in materials where electrical and magnetic interactions play
a significant role. For example, ionic solids, dielectric materials, various oxides like GaN,
PbTiOg, ferroelectric and other magnetic materials. The electrical and magnetic interac-
tions are different from the interatomic potentials in the sense that they are long-range in
nature. In the first part of the thesis, we will present the continuum limit calculations for

the nanostructures and the random media. We show that the electrical and the magnetic



interactions in the nanostructures and the thin films are different from the interactions
in materials with a finite macroscopic volume. This is an interesting observation that we
draw from our calculations for the nanostructures and the thin films. We find that the
long-range nature of the electrical interactions is not there in the nanostructures and the
thin films. We will talk more about this in section 1.4.

In next few sections, we will present the brief overview of some of the key concepts

and methods that are important in this work.

1.1 Atomistic model

The atomistic models are used to solve discrete system of atoms or particles. Given
the system of atoms, and the interatomic potential, the atomistic models, in the case
of statics, look for the configuration of atoms such that energy is minimized, and, in
the case of dynamics, compute the configuration of the system at discrete time steps.
Interatomic potentials model the interaction between two or more atoms. At present,
our computational capabilities allow us to deal with the material of a size in the order
of 100nm3. See [Stephensor et al., 2016]. Therefore, the use of the atomistic models is
limited, as the size of the materials for engineering purposes are generally above the range
of the atomistic models.

For a given system of atoms, we can have nucleus-nucleus interactions between the
atoms, and nucleus-electron interactions between atoms. Also, if atoms carry charges,
as in the case of ionic solids, we will also have charge-charge interactions. For a par-
ticular type of material, the nucleus-nucleus interactions can be more important. For
example, in the inert gasses, the Lennard-Jonnes potential, which only models the in-
teraction between the nucleus of atoms, gives a good result. But, the same potential is
not suitable for the metals, where nucleus-electron interaction is dominant. For the met-

als, the Embedded Atom Method is more proper, which takes into account the electron

distribution in a material, and the interaction of a nucleus of an atom with the electron dis-
tribution. EAM captures the behavior of metals fairly well. See [Daw and Baskes, 1984].
For oxides, like GaN and PbTiOg, the core-shell method is more suitable. In the core-

shell model, we model the atom with a core and a shell, with each carrying charge. See
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[Sepliarsky and Cohen, 2002] and [Shimada et al., 2008] for more detail on the core-shell
potential. The core-shell model is more suitable for the materials with polarization.
Once we know the correct, or say more appropriate interatomic interaction potential,
we look for the configuration which minimizes the energy or which balances the forces. In
the molecular statics, see [Tadmor and Miller, 2011], we do the energy minimization to
get the equilibrium configuration. In the molecular dynamics, see [Rapaport, 2004], we

perform the time integration of the Newton’s equation of motion.

1.1.1 Molecular dynamics

Molecular dynamics, MD, is a very widely used method for the system of atoms. It differs
from the molecular statics in the sense that it can handle the dynamics problem and is a
force-equilibrium method. In this approach, for a given time, we compute the forces on
all the atoms, and then integrate the Newton’s force equation, F' = ma, where F' is the
force vector, m is the mass matrix, and a is the acceleration vector. It is also used to
fit the parameters of the interatomic potential for a particular material. For example, if
we want to find the parameters of the core-shell potential, for the GaN material, we may
want to use MD. See [Shimada et al., 2008|, where they fit the parameters of core-shell
potential for PbTiO3.

MD is also used to understand the defects in a material, and, the dynamics of a de-
fect. MD, coupled with the periodic boundary condition, is also used to simulate the
big system of atoms. Periodic boundary condition approximates the situation when a
material is vast, and the boundary condition at the surface of a material can be ignored.
An additional advantage with MD is its suitability to finite temperature problems, for
both dynamics (non-equilibrium) and equilibrium. The non-equilibrium problems are
still computationally challenging using the MD method. Main reason for this is that
at each time step, MD does a statistical computation, and the size of the time step is
minuscule, of the order of picoseconds to nanoseconds. The size of the time step will
depend on the characteristic frequency of the atomic vibration at a given temperature.
This is problematic if one wants to analyze the material at one second or one millisec-

ond. In Accelerated MD, they aim to accelerate the dynamics of a system, so that the

event happening after the long interval, can be captured in short time. See [Voter, 1997],
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[Voter et al., 2002], [Perez et al., 2009] for more details on acceleration techniques in MD
method. Also see [Perez and Voter, 2008], [Voter, 2007] for the short presentation on

acceleration methods.

1.2 Continuum model

Consider the typical continuum mechanics problem: the deformation of a piezoelectric
cantilever beam. It consists of a large number of atoms, and in theory, the deformation
of a beam and the electric field can be captured by considering the interactions of all
the atoms in a beam. Once we know the position of all atoms, we can easily compute
the polarization field in a material, and therefore the electrical response of a piezoelectric
material to the applied load. But, considering all the possible interactions in a beam is
only possible for the tiny size of the material. Instead, one may want to use the fact
that the displacement field varies at macro-scale. We assume that the beam is made of a
continuum material, and the field of the beam is a function of points in a material. This
continuum model of a beam is then used to model the deformation and the piezoelectric
effect.

We need to relate the gradient of a displacement, field in a continuum piezoelectric
material, to the lattice deformation associated to the material point. And, as the atoms
displace, they cause the change in the polarization. And, therefore, we would need to
relate the change in polarization at the small-scale to the electric field at the large-scale.
The result would be coupling between the deformation field and the electric field at the
large-scale.

The details of the atomic-level interaction is not completely ignored in a continuum
model. The constitutive relations, which relate the force to the kinematic quantities,
have constants, and these constants depend on the interactions at the atomic level.
[Blanc et al., 2002] gives insight into the continuum limit and how continuum limit is
computed from molecular/atomic interactions. Book [Tadmor and Miller, 2011] talks
about the multiscale and the continuum limit in great detail. See [Blanc et al., 2003],
[Blanc et al., 2007b], [Blanc et al., 2007a] where they find the continuum limit when the

position of atoms are random functions. In [James and Miiller, 1994], the continuum limit
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of the magnetostatics energy is computed.

1.3 Combining atomistic and continuum model

To deal with situations, where the interactions at small-scale play a major role in the
large-scale behavior, and when, we have a very large system, and the region of interest is
of very small size, we need the method that combines both the atomistic modeling and the
continuum modeling. There are many numerical methods which combine the atomistic

models and the continuum models. Quasicontinuum method is one such method.

1.3.1 Quasicontinuum method

Quasicontinuum, in short QC, is a multi-scale method. Tadmor, Ortiz, and Phillips
first proposed this method, in 1996. See [Tadmor et al., 1996], [Tadmor and Miller, ],
[Tadmor et al., 1999], [Dobson et al., 2007].

In QC method, we divide the material in two regions: the atomistic region and the

continuum region. In the atomistic region, we solve for the position, and the momenta (if

the temperature is not assumed to be zero), of all the atoms. In the continuum region, we

select few representative atom. The value of unknowns, like the displacement, the electric

field, at the remaining atoms of continuum region, is computed by interpolation. This is
similar to the finite element method, where the deformation of an element is dependent

on how the element’s nodes move.

The region, where the deformation is significant, or the energy is high, is chosen as
an atomistic region. Also, we can use an adaptive method which can update the meshing
depending on the energetics of the system. The criteria for defining the region as the

atomistic region depends on the displacement gradient.

Multiscale method, like Quasicontinuum method, can be characterized based on many
factors: the temperature of a system, long-range/short-range interactions. See [Miller and Tadmor, 2009

for reviews of many different versions of a QC, and its comparative analysis.
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Finite-temperature and zero-temperature QC

QC, which can model the material at a finite temperature, will have to deal with the
thermal fluctuations of atoms. In the case of finite constant temperature, we have a set
of many configurations which satisfy the constraint of fixed temperature, fixed number
of atoms, and, the QC has to compute the phase average (ensemble average) of a quan-
tity of interest over these many possible configurations. See [Andersen, 1980], where the
author discusses the molecular dynamics method for a system of atoms at the constant
temperature or constant pressure.

Further, we can have a constant finite temperature (equilibrium problem), or a finite

temperature non-equilibrium problems. See [Shenoy et al., 1999], [Dupuy et al., 2005],

[Tadmor et al., 2013], [Kulkarni et al., 2008] for more on QC for finite temperature equi-
librium process. See [Kim et al., 2014], [Venturini et al., 2014] for details of QC for non-

equilibrium finite temperature processes.

Short-range and long-range interaction in QC

The interatomic potentials are considered short range as the energy at one atom depends
on the position of few neighboring atoms. The electrical interactions are long range
because the energy and the field of one atom depend on the position of charges far away.
This is due to the Coulomb kernel which has a 1/r scaling. 1/r decays very slowly as
we move away from one atom to other. Therefore, the contribution of far away atoms is

significant. We will talk more on this in next section.

1.4 Electrical and magnetic interactions

We focus on the ionic solids, oxides like GaN, PbTiO3, and the ferroelectric materials,
where electrostatics interaction plays a dominant role. They find application in varieties
of the field. For example, ionic crystals are used in ionic batteries, where the motion of
the charged defects produces current. Solid state devices, which are used to store the
digital data, use the fact that the crystal structure of material, reorients itself when it is

subjected to the magnetic or the electric field. See [Atkinson et al., 2003]. Piezoelectric
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materials use the fact that there is a change in the electric field if it is subjected to the

deformation, and, it deforms if it is subjected to an external electric field.

1.4.1 Electrostatic interactions are long range

We can understand this better by following simple theoretical experiment. For more detail

see [Marshall and Dayal, 2013].

1 Consider an infinite three dimensional lattice with a net positive charge in each unit

cell. We can estimate the energy density of this system as follows:

W= Z [field at distance r from origin] x [total number of charges]

r=1
[e's)

Zil/TXT2:ZT
r=1

r=1

Thus, the energy density of such a system is unbounded, and it is why we do not find
any material which only consists of either the positively charged atoms or negatively

charged atoms.

2 Now, assume that each unit cell has net dipole moment. Note that the net charge

would be zero in each unit cell. We can estimate the energy density as follows:

Wzill/r?’xrz:ill/r

This is a divergent sum. But, field due to dipole also has some symmetry associated
with it. If we take into account the symmetry and also the cancellation due to the
positive and the negative charges, we find that the sum is conditionally convergent.

It means that the energy density is non-local.

3 Now, we consider the case when we have a net quadrupole moment, with net dipole

moment and net charge being zero, at all unit cell. Energy density is:



W%ill/TSXTQZill/r?’

This is absolutely convergent. For this system, to compute the energy density at
one point we can consider the interaction within some cut-off radius, and outside

the cut-off radius, we can ignore the contribution.

One of the interesting research topics is handling of a long-range interaction efficiently
for a very large system. In [Marshall and Dayal, 2013], they use the coarse-grained (con-

tinuum limit) expression of electrostatic energy to approximate the electrical interactions.

1.4.2 Electrical and magnetic interactions in nanostructures

We will show, with the help of our calculations, that the electrical and magnetic in-
teractions are different in the nanostructures as compared to the materials with a finite
macroscopic volume. Interactions in the nanostructures, in the continuum limit, are short
range. We explain this with the dipole field kernel. For the nanostructures and thin film,
the 1/r3 scaling, of a dipole field kernel, is strong and decays fast. Therefore, there
is no long-range interaction in the continuum limit. See section 2.6 for more detailed

explanation.

1.5 Goal of this work

Goals of this work are as follows

1. To examine the electrical and magnetic interactions in the nanostructures. We
are interested in computing the continuum limit of electrical interactions in the

nanostructures.

2. To examine the electrical interactions when the charge density field is a random
field. For the periodic crystal, we assume the charge density field to be periodic.
We model the charge density field of a thermally fluctuating system of atoms as a

random field. This calculation is important for our next goal.
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3. To model the charged point defects in ionic solids when the system is at finite
temperature. We use the existing framework maz-ent [Kulkarni et al., 2008] and

extend it to the multi-lattice system.

Chapter 2 contains the continuum limit calculations. In Chapter 3, we present the
QC framework. In Chapter 4, the results are presented. In Chapter 5, we present the

discussions about this work and also state the future projects.

1.6 C++4 implementation

We use the C++ code of Jason Marshall [Marshall and Dayal, 2013]. This is a modifica-
tion of previous code developed in [Knapp and Ortiz, 2001]. We have rewritten the code
to make it object oriented. Adding more capabilities to this code is relatively easy now

as one only has to write another class function for the new task.
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Chapter 2

Continuum limit: Nanostructures

and random media

In this chapter, we will talk about the continuum limit calculations for geometrically-
complex atomic nanostructures and random media. We are interested in understand-
ing how the electrical and magnetic interactions take place in a nanostructure, where
the length of material is very large compared to the atomic spacing while the cross-
section is few atoms thick. These results generalize the techniques developed by R.
D. James, S. Miiller, and their co-workers, for the crystal with electromagnetic inter-
actions, to the nanostructures. See [James and Miiller, 1994], [Geymonat et al., 1993],
[Dayal and James, 2010].

The geometries of interest are nanorod and the objective nanorod. These calculations
are another step in developing a multiscale method for the nanostructures. Our results
also highlight the fact that the electrical and magnetic interactions in nanostructures are
different compared to the macroscopically finite volume material. We use the objective
structure framework developed by R. D. James to model the objective nanorod. See
[Dumitrica and James, 2007], [James, 2006]. Figure 2.0.1 shows the difference between a
thin material and thick material. In the figure, we are looking at the cross-section of a
rod. In case 1, the size of a cross-section is of the order of the macroscopic length, and in
case 2, the size of a cross-section is of the order of the atomic spacing.

We also consider the material which is at the finite temperature. We model the charge

density field as a random field. As expected, the results for the random charge density field
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is similar to what we see for the periodic crystals. We will also show that the case of the
periodic crystal is a special case of our random charge density framework. Therefore, this
calculation is more general. For continuum limit calculations of a short-range interactions,
in the random media, see [Blanc et al., 2003], [Blanc et al., 2007b], [Blanc et al., 2007a],
and [Blanc et al., 20].

Y

continuum limit, €/a ->
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case 2 : c is of the order of a

Figure 2.0.1: Cross-section of macroscopically thick rod and thin rod

This chapter is organized as follows: In section 2.1 we present the notations for rest
of the chapter. In section 2.2, we briefly talk about basic concepts of length scales, elec-
trostatics energy and continuum limit for periodic crystal. In section 2.3, we present our
calculations for nanorod and objective nanorod. In section 2.4, we present our calcula-
tions for random media. In section 2.5, we present our continuum limit calculations of a

system dipoles on the straight line and the helix.
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2.1 Notations

We use conventional method to denote vector and tensors as bold faced small and capital

letters. Scalar and parameters are denoted by small letters. Below is the list of some

important symbols and letters :

p : charge density of a material

R,Z : real space and integer space

D : probability space

2 : material domain, depending on the problem, it can be subset of R, R?, or R?
A C R? : area domain

Bc(x) : sphere, center at point &, and of radius €

|2| : measure of domain {2

diam A : diameter of domain

C(X,Y) : space of test function from space X to Y

L*(X,Y) : space of square integrable function from X to Y

D' : space of continuous linear functionals on C§°(R?, R), i.e. space of distributions
1 @ test function in C5°(R3 R)

T : distribution in D’

[ : atomic length-scale

€ : material length-scale or distance between two material points in object

L : continuum length-scale

A : denotes the size of unit cell

L, : collection of indexes of each atom in a atomic arrangement
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e d, : dipole field from £, to R3

e m : dipole field

e K : dipole field kernel

e e, ey, e; : orthonormal basis in space R?

o Ul,UL UL : unit cell, in 1-D, 2-D and 3-D, of measure [
e dl,, dA,,dV, : length, area and volume measure

e x, : usually to denote the vector in given plane

e s : element of parametric space

e x(s) : mapping of parametric space to R3

Q : orthogonal rotational tensor in R3

e Q" : orthogonal tensor with rotation of amount a

e w : the event in probability space

2.2 Length scales, electrostatic energy and results for
periodic media

First, we explain the length scales involved in our calculations.

2.2.1 Length scales

As we mentioned in the introduction, the macroscopic fields like electric field, deformation
gradient vary at the scale much greater than atomic spacing. In our material model, we
have three relevant length scales, and they are as follows

Continuum length scale: This is the length scale associated with the size of the
material.

Separation between material points: We denote this as e. We assume that

macroscopic fields vary at the scale ¢/L. This is the size of the material point.

15



Atomic spacing: This is the length scale associated with separation between the

atoms.

In Figure 2.2.1, we can see how these three scales appear in a material.

1] ™
__—_..—-HF"——HH )
o Gaasans
Q A /
7/
0 |<<e<<L
/ N "'!v-u.'.“___“.'
[ / .
\\.‘ j:,/
L
® ©
++ o,
@ o

Figure 2.2.1: Length scales in a material ( [Marshall and Dayal, 2013])

2.2.2 Charge density field as a two-scale function

Let p : £2 — R be the charge density field of material. Consider a material point « € (2
and assume that atoms are arranged periodically. The charge density will also depend on
the small scale variable of material as in the case of the periodic arrangement, the charge
density would also be periodic, on small scale variable. We assume that the variation of p
is slow from one material point to other, i.e. at the macroscopic scale, and the variation
of p is large as we move from one unit cell within the material point to another unit
cell in the same material point. We describe p as p(x,y), where y = x/l is the variable
associated to small scale. Here @ represents a material point, and y is the point within a

material point. See [Allaire, 1992] for more on two scale fields.

2.2.3 Electrostatic energy

Electrostatics energy is given by
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E:i/ @)@ b v, (2.2.1)

x'en |33 - wll
For given e, let 2. = 2N (eZ)3 be set of material points. Then, we can write energy

as

/

z z
p(maj)p(m/77)

E=3,

zEB(x), |+ z — a' — 2/|

TEL Y 2/ Be(a')
z'enN

dV.dV (2.2.2)

where B.(xz) :={z e R®: |z — 2| < ¢}
We can divide the summation appearing in 2.2.2 in two energies, local energy and
non-local energy. They are as follows :

z 2z

p(wa )p(ﬂ:, _>
EW:Z/ L L gv.av, (2.2.3)
zEN. 2,2’ €Be () |Z -z |
z z'
nonlocal — /Z 2€B. (), |£L’ t 2 — Z/| 2zAV ! ( L. )
m,m;!/?e, z'€Be(x')

In next section, we will analyze these two energies for the thin rod and the objective
structure. First, we present the continuum limit of energy when material remains three-

dimensional in limit (unlike thin films or thin rod).

2.2.4 Results for the periodic charge density field

In [Marshall and Dayal, 2013], they compute the continuum limit of the electrostatic en-
ergy for the periodic charge density field. We present their result in this section so that
we can compare this with our calculations for the nanostructures and the random media.

Let £2 C R3 be the material domain. Let p satisfy the following assumption of periodicity

ple,y+z) = p(x,y) Vz € Z°,Vx € 2,Vy € R® (2.2.5)

Local and non-local energy at the material point is as follows :
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(X, y)p(X, Y
Broca(x) = lim/ / o ’y”)(, Y v av, (2.2.6)
r—00 'yEUé3 y'€B(x,r) |y -y |

Enonlocal(mv CL',) = K(QZ - 33/) : </ 15(X7 y)ydvy)

eU
® / (X' y)ydv, | Ve #x (2.2.7)
y'evd

Where Ug and U are the three-dimensional unit cell with unit volume inside the

material point @ and x’. And, X = [x. Total energy is

Elocal :/ Elocal(w)dvzc (228)
xel?
Enonlocal = / e Enonlocal(my m/)dvmdvm’ (229)
;cyﬁm’ 7

We also get the following scaling on the charge density field

(@, y) = M X =z (2.2.10)

moreover, p satisfies the charge neutrality condition as given below

/ p(X,y)dV, =0 (2.2.11)
yeUs

The scaling of 1/l is due to the condition that the continuum limit of local energy
neither go to zero or infinity trivially. The condition that the continuum limit of non-
local energy is not infinity requires the charge density field to satisfy the charge neutrality
condition.

We observe from the expression of energy that the local energy is entirely due to
the charge-charge interaction within each material point. Hence, in Cauchy-Born rule
the local energy can be incorporated along with the interatomic potential, to compute
the energy at a material point. Expression of the non-local energy also agrees with our
understanding that if the point of interest, where we want to calculate the electric field,
is far away from some charge distribution, the electric field will be mainly due to the first

moment of charge distribution. This completes the basics of the Electrostatics calculation.
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Figure 2.3.1: Cross-section of thin rod
2.3 Electrostatics calculations for nanostructures

In this section, we analyze the electrostatic energy for thin materials. This calculation
extends the method in [Marshall and Dayal, 2013] to the nanostructures. Figure 2.3.1
shows the cross-section of rod, which is only few atomic spacing thick, in the continuum
limit.

We use the Objective structure description of nanostrcture. This description of nanos-

tructures includes the periodic nanorod and also nanotube with rotational symmetry.

2.3.1 Objective nanorod

Materials which can be described using Objective framework are more general than crystal
lattices. They have rotational and translational symmetry. According to [James, 2006],

the objective structure is the one where each atom sees the same kind of environment.

Brief introduction of the objective structure

Consider K = {xo; € R*:j=1,2,..., M}, set of locations of M particles/species. Ob-
jective structure is described by the repetition of K using rotational and translation
transformation. Repetitions, here, are not simply translations, as in the case of multi-
lattice, but a rotations and a translation. Objective structure, with N number of unit

cells, and M number of species, will be as follows

L={x,; eR @, ;=Q, @o;+nc,j=12.,Mn=012 N} (2.3.1)
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Where, @, ; is a rotation of the atom in the n™ unit cell of species j. ¢ is a translation
vector. M species can be of the same atom or can be of different atoms with positive or

negative charges. Locations of all species in n'™ unit cell is {nc+Q,, ;&0 : j = 1,2,.., M}.

Simple objective structure For simplicity, we will only consider the case when Q,, ;(x) =
Q" (x) and ¢ = e;. Physically, this assumption means, the action of Q,,; on any vector
results in n times rotation of that vector by an orthogonal second order tensor Q. Also,
the rotations are independent of species. In Figure 2.3.2, we show this transformation in
steps. We take a unit cell and place it along the axis, and then perform the rotation on
each unit cell, depending on the location of unit cell from the reference unit cell. Now,
imagine some fixed number of species attached to the reference unit cell. As we perform
the rotation and translation, these species also translate and rotate along with the unit

cell.

(d)

Figure 2.3.2: (a.) Unit cell (b.) Placing unit cell along the axis of objective nanorod (c.)
Applying the rotation (d.) Showing the transformation of atoms, fixed to a unit cell, in

the plane (eq, e3), when unit cell is rotated.
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Periodic nanorod

If we set Q = I, where I is the identity second order tensor, in the objective description

of material, we will describe the nanorod which is periodic along its axis.

2.3.2 DMaterial domain and the charge density field

Let 2° C R, and N, be the integer closest to €/1, i.e. N.; = |€/l]. We define the domain,

where atoms are arranged, for a material point x € (25 as follows

M(z) = wey + | gi([0, 1) (2.3.2)

=0

where, we define transformation gf, for 0 <1 < N; as follows

gi(A) = {Qy+ile, : y € A} (2.3.3)

gi (A) rotates each vector of a set A by an amount Q' and translates it into an amount
il in the direction e;.

We can now define rescaled domain as

Mey(x) = wes + | g1(0,119) (2.3.4)

=0

Charge density field We assume that charge density field p has the symmetry of

material, i.e.

p(z,y) = p(z, Q"y + key),Vk € Z,Vy € [0, 1] (2.3.5)

2.3.3 Local energy

In 2.2.3, we do change of variable y = z/I. We get
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Elocal

z€25N(eZ) Yy’ €Mei(2) l |y Y ‘

el Nel

YD 5A€x€1+gl o p(x,y)p(z, >dVdV

!
ly — |
w€82°N0(eZ) =0 j=0 “y'cze;+g]([0,1]%)
el Nel

D VD 5 S I

z€2*N(ez) =0 j=0 y Eacel+[0 1]3
p<x7Qy+Zel) ( 7ij +]€1)
Q'y +ie; — Qy — jel\

dVQierim dVij’+je1

B . T,y )p( Y
- Z l%;exew[ﬂ,lﬁ Z Z QJ Z (j_i)el)}

TE€N5N(eZ) y'eze +[0,1]3 | =0 \ j=i

— p(z, y)p(z,y)
pAracs y’)\)

Ty +(i—jes —

dv,,dV,,

(2.3.6)

Where, in second last step, we substituted the definition of g}, and in last step we

used the symmetry of p, and invariance property of volume measure with respect to the

rotation and translation. We also divided the summation over j in two parts in the last

equation above. Further, with change of variable and renaming of y and gy’ in summation

over j in second part inside the bracket, and also using the definition of ¢i, we get

_|_

Ne,l

Z Z/ yeze1+[0,1)3,

o~
ot

2sn0(ez) =0 32t " werei+¢74([0,1]3)

p(z, y)p(z, Q7w + (i —
ly — wl

jlei)
AVydVQi-iw(i-je:

Z p(z,y)p(z, Q" 'w+ (j —i)e )dV iV
yere; +[0,1]°, Q!

ly — w

=0 " weze; +9°77([0,1]3)
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-y ey (Y | L)y gy,
yezer+[0,1]°, ly — w
z€2sn(ez) =0 \ j=i Y were+9771([0, 1] )

71—

[y

plz, y)p(z, w
yEajel—‘f-[Q,l]S, |y — w|
wezer+g°77([0,1]3)

+ )dVdew (2.3.8)

Il
=)

J

The last equation, where we have two different terms depending on j > i or j < 4, can

be combinded as below

E local

- 3 Z/ p@’y)p(x’w)dvyde (2.3.9)
- = yExe1+[0,1]3,

; Yy — wl
xEN3N(eZ) = were;+g17~([0,1)3)

Note that we have |j —i| as the superscript on g. As ¢/l — oo we have N.; — oo.
The measure of set K; := {|j —i|:j =0,..., N}, for each integer ¢ less than or equal to
Ny, will tend to N, as €/l — oo. Also, in the limit €/l — oo, the set K; will be equal to
the set [0, N.;] N Z. Therefore, in the limit €/l — oo, we have

Elocal
- (2, y)p(z, w)
w
- 3 N, Z/ PEYIPEY) v, dv,
) yEzei+[0,1)3, |'y — ’UJ|
2€N25N(eZ) J=0 " weze,+47 ([0, 1])
il p(z,y)p(z, w)
z,y)p(x, w
_ 2.3.1
T G/l Z/yExe1+[O B AU (2.3.10)
TENSN(eZ) =0 " wezer 447 ([0,1]3)
(2.3.11)
Note that N.;/(¢/l) is 1 in the limit €/l — oco. Thus, in the limit, we have
Elocal
il (z,y)p(z, w)
- ) plz, y)p(z, w
- Y Z/y€$el+[0,1]3, ra AV, dV,, (2.3.12)
zeN25N(eZ) 7=0 " wezei1+47([0,1)3)
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Scaling on the charge density field

We argue that the term inside bracket is electrostatic energy of the material point x. If

this energy is not trivially zero, or infinity, in the limit, then there must exist p such that

p(z,y
p(z,y) = Pz.y) 7 ) (2.3.13)
In the limit, we have
N plar, w)pla, w)
Elocal - /S ]\}141)1100 u€$61+[071]3, |’Ll, . u/| ququ/ dla; (2314)

w'ezer+HUN (g2 ([0,1]3))

2.3.4 Non-local energy

After change of variable in Equation 2.2.4, we get

Ne,l Ne,l

Eronlocal = Z l6 Z Z u€re1+[0,1]3,

x,x’e(jﬁsl’j(el), 1=0 j=0 " o'ca’e;+]0,1]3
pr, Q'u+ie)p(z',Qu' + je) dv,dv,
7 - - ; uWVa/
‘xel +1 (Q u + 261) —x'e; —1 (QJU' +]€1)‘
Ne,l Ne,l

= Z l6 Z Z ﬁ€xe1+[071137

z2'€2°N(eZ), =0 j=0 " y'ca’e;+[0,1]?
£z’

plx,u)p(z’,u') e 2515)
‘Iel + l (Qz’u, —+ iel) — 37/61 —1 (qu, +]€1)‘ ulVa 0.

Using the mean value theorem for integral and substituting the scaling of p in Equa-

tion 2.3.13, in the limit, we get

plz,u)p(z’, w)
Enontocal = Z (e/DF° ﬁ‘ex81+[0,1]37 |re; — x'eq| WudVr
z,2' €Q2°N(eZ), u’ez’el+[0,1]3 1 1
x#x’
_ plz,u)p(@’, )
- /x‘71,/6957 u€$€1+[0,1]3, ‘xel _ x,e1| ququ/ dlxdlx/ (2316)
z#z’ u'ex’er +[0,1]3
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2.3.5 Continuum limit

We write the final expression of the limit here

~ ~ /
Eloea(w) = lim / v Pl wp, ) oy, (2.3.17)
N—oo ue$el+ui:0(gi([o7”3))7 ”U, — ul|
u’'czer+[0,1)3
q(z)gq(z")
Enon oca ) = ——— 2.3.18
and
Elocal :/ Elocal(x)dl;t (2319)
TES
Enonlocal _/ 'en Enonlocal(maxl)dlxdlx/ (2320)
7x#x/37

In the limit N — oo, the domain u € ze; + |J,(g4(]0, 1]*)) will be the infinite length
helical tube with scaling of 1.

Where, ¢(x) is a total charge within a material point, defined as

q(z) = / plx, u)dV, (2.3.21)
ucze;+[0,1]3

Clearly, local energy is due to the charge-charge interaction within material point,

while non-local energy is due to the charge-charge interaction between two material points.

2.4 Electrostatics calculations for the random media

In this section, we will analyze the electrostatics energy when the charge density field is
a random field. The main reason for doing this calculation is that we want to develop a
multiscale numerical method for ionic solids at finite temperature. As we know that the
atoms randomly fluctuate when the material is at finite temperature, the charge density
field will be a random field. We want to see how the interactions take place in the
continuum limit.

Consider the Figure 2.4.1 where we show two ways the atoms can be arranged within

a material point. In one case, we have a crystal structure, and in the other we have a
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random arrangement of atoms, at some time ¢. The atomic length scale is same in both
of this arrangement. In what follows, we will first talk about the material domain, the
random charge density field, and some of the key properties we want our charge density
field to satisfy. This work requires some knowledge of probability theory. Therefore, we

first present a short overview of probability theory.

Figure 2.4.1: (a.) Typical material with material points (b.) Periodically arranged atoms

(c.) Randomly arranged atoms.

2.4.1 Short overview of the probability theory

In this subsection, the basic concept of the probability theory is presented. We have
used [Ostoja-Starzewski, 2008] (Chapter 1 and 2) and [Jikov et al., 1994] (Chapter 7) as

a reference for this subsection.

Probability space

Let (D, D, 1) be the probability space. Here D is a set of sample points, D is event space

and is o- algebra of D and p is a probability measure of D.
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Random variable

A measurable function @ : D — R is called random variable. 1 satisfies following :

VB € B(R),

By ={w e D :¢Y(w) € B} (2.4.1)
is in D.

We define the expectation of ¢ if it exists, as

B = [ wlln(e) (2.4.2)

This is also called mean of the random variable.

We define variance of the random variable as

V[Y] = E[(y() — E[¥])’] (2.4.3)

This measures the variation of random variable from its mean value. We can introduce

new probability measure P, on (R, B(R)) using ¢ as follows

Py(B) = p({w € D : ¢(w) € B}) = (v € B) (2.4.4)

This is called the probability distribution of ¢ in (R, B(R)). We define distribution
function Fy : R — [0, 1] of ¢ as

Fy(z) = pu({w e D : p(w) < z}) (2.4.5)

Random process

Random process is a collection of random variables parameterized by the element of some

set K.

Continuum random process Let K C R is some set, possibly equal to R. Let ¢, :
D — R be the random variable for all £ € K. We define a random process, parametrized

by set K, as

27



X (t,w) = r(w) (2.4.6)

Measurable functions of type X : K x D — R are random processes. We define its

probability distribution Px as

Px(B) =pu({w: X(t,w) € B,¥t € K}) VB € B(R) (2.4.7)

We can also define the finite probability distribution of X. Let (¢;)", C K. Then we

define n-point finite probability distribution of X as follows

tn(B) = p({w: X(t;,w) € B,Yi=1..n}) VB € B(R) (2.4.8)

.....

We will have to work with random process that are parametrized by 2 x R?, d = 3.

Thus we define random process X (x,y,w) as

X :0xR'xD—R. (2.4.9)

We will impose certain properties on X in its second argument.

Dynamical system with d-dimensional time

We define the Dynamical system, [Jikov et al., 1994], with d-dimensional time (d-dimensional
dynamical system) as a family of transformations (T})ga, where for each y € R?, T, :

D — D is a linear transformation on D, and it satisfies following properties

1 Group property :(a) Tow = w, Yw € D is identity map.

(b) V,y € R? we have Ty = T, T,

2 Measure preserving property : For all y € R? transformation T} preserves

measure 4. That is

VA € D, (Vy € RY) = u(T,A) = u(A) (2.4.10)

3 Measurability : Let v : D — R is random variable. Then random process

X :R?Yx D — R defined as X (y,w) = ¢(T,w) is measurable in R? x D.
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Invariant random variable and invariant set : Any random variable ¢ : D — R
is said to be invariant if ¢(T,w) = Y(w),Vy € R% Similarly, we say that a set A € D
is invariant if the random variable y4(w) (characteristic function of A) is invariant. In

other words A is invariant if

VyeR' = T,A=A (2.4.11)

Stationary random process

Let X : R? x D — R is a random process. We say random process is stationary if there
exist a random variable ¥ : D — R and also a dynamical system 7', on D, indexed by

space R?, such that

X (y,w) = (Tyw), Yy R ae. (2.4.12)

We can also define the stationary random process as follows: Random process is
stationary if its finite probability distribution is invariant w.r.t. any translation h € R

Here, we show that if we represent X, which satisfies Equation 2.4.12, X is stationary.

Proposition 1. For any n € N, and for any finite subset (t;)", C R and for any h € R?

we have

Piyota(B) = Piigh,.t,+0(B), VB € B(R) (2.4.13)

Proof. We use the definition of P and proceed as below
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Pyin,. tnin(B) = p({w : X (t; + h,w) € B,Vi = 1...n})

{w: (T}, 4pw) € B,¥i =1...n})

{w: (T}, (Thw)) € B,Vi=1...n})

Il
*;7;1:7;*;7;

(T pw : (T}, (w)) € B,Vi = 1..n})

o w O(T, (W) € B,Yi =1..0})

(
(
(
{T-nw : P(T,,(ThT-pw)) € B, Vi =1..n})
(
(T
({w: ¢(Ty(w)) € B, Vi =1..n})

Where, in the fourth step, we just used the fact that

{w: f(w) € B} = {Tyw : f(Tyw) € B} ,Yx € R?

In the second last step, we used the fact that u(T, M) = pu(M), i.e. measure preserving

property of dynamical system. O

Also, for any h,y € R? | we have

/X y,w)dp(w /X y+h,w)du(w /w Ydp(w) = E[y) (2.4.14)

where 1 is related to X from Equation 2.4.12.

Stationary in second argument: Two parameters random process

Let X : 2 x R? x D — R is a random process. We say that X is stationary in second
argument if there exist another random process 1 : 2 x D — R, and dynamical system

T, such that

X(z,y,w) = ¥(x, Tyw), Vrc 2, Yy cR ae. (2.4.15)

This implies V& € 2 and Yy, h € R?

/ X (2,9 + h,w)du(w / X (@, y,w)dp(w) = Ej(w, ) (2.4.16)
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Ergodicity

Dynamical system (T}, )ga is ergodic if every invariant random variable is constant almost

everywhere in D. That is, if T" is Ergodic, then

if (Vy € RY)Y(Tyw) = v(w) = ¢(w) = cae. (2.4.17)

In this case, we can also say that measure p is ergodic w.r.t. 7. One important
implication of above definition is that: if set A € D is invariant and if T is Ergodic then

we have

p(A)=0orl (2.4.18)

Mean value of function Let f is a locally integrable function in R?, i.e. f € L} (R?).

loc
We define the mean value M[f] of f as

ti | f(w/e)dw = |K| M) (2.4.19)

for any Lebesgue measurable and bounded set K € B(R?). Here |K| is a Lebesgue
measure of K. Another way to write the definition of mean value of a function is as

follows

) 1

where Ky = {x : /N € K}.

Remark : For fixed w € D, we call f(T,w) a realization of w and it is a function of
y € R% For all f € LP(D),p > 1, almost all realization f(T,w), as a function of y € R?,
are in space L7 (R). Similarly, the convergence of f in LP(D) implies the convergence

of almost all realization f(Tyw) in L} (RY) (upto subsequence).

loc
We now state the main result for the random ergodic functions that we will be using

in our work.

Theorem 2. Birkhoff ergodic theorem Let f € LP(D), p > 1. Then for almost

all w € D the realization f(Tyw), as a function of x € R, has mean value M[f(Tyw)].
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Further, this mean value M[f(T(x)w)], as a function of w, is invariant and also it satisfies

following relation

/f Ydp(w /M Tow)]du(w) (2.4.21)

If T s ergodic, then we have

M|[f(Tyw)] = E[f(w)] for almost all w € D (2.4.22)

For proof, we refer the reader to [Jikov et al., 1994].

Ergodicity theorem for the two parameters random process

In much of our work, we deal with random process of type X : 2 x R? x D — R.

Mean value of function: Let f: 2 x R? — R is in LP[2, L} (R%)]. We define the

loc

mean value Ms[f(x,-)] of f with respec to the second argument as follows

M| f(x,-)] = ]\}13;0 Nd|K|/ f(x,y)dy, ae. x (2.4.23)

where K C R? with |K| # 0, is bounded and Lebesgue measurable. Note that
M,[f(x,-)] is a function of . We will assume that this is well defined and measurable

function.
We assume p,q,a > 1. Let a random process ¢ : 2 x D — R is L” integrable in first
argument and is L® integrable in second argument. We denote the space of this random

process as LP[(2, L*(D)]. We now state the theorem

Theorem 3. Let ¢ € LP[(2, L*(D)|, p,a > 1. Then for almost allw € D, and for almost
all x € 2, the realization ¥(x, Tyw), as a function of * € 2 and y € RY, has a mean
value My[(x, Tw)] (see definition). Further, this mean value Ms[i(x, Tw)], as function
of x € 2 and w € D (or as a random process in 2 X D), is invariant and satisfies

following relation

/ o, w)dp(w / Mol (, Ty \du(w) (2.4.24)

If T s ergodic, then we have

32



Mo[p(z, Tyw)] = E[Yp(z,-)] ae xae w (2.4.25)

Remark: We write the following remark presented in [Jikov et al., 1994]
“As a result of simple operations with stationary random process, such as differen-

tiation in y, or convolution with a suitable Kernel, we again obtain stationary random

field.”

2.4.2 Final expression of energy

We first state our result.

Theorem 4. Let (D, D, i) be probability space with measure . Let p: 2 xR3x D — R
be the random charge density field. Let T be the ergodic dynamical system.

We assume p to be ergodic and stationary. Therefore, assume that there exists p :

2 x D — R such that

plx,z,w) = plx, T,w) Vee,zecRweD

We define scaled charge density field p; as

z,y/lw)  pleTyw)

We assume that the charge density field satisfies the condition of a charge neutrality.

The charge neutrality condition is as follows

Elp(x,-)] =0 Vo € (2 (2.4.26)

Note that, using Birkhoff theorem, following holds for all x € {2, w a.e.,

c
lim ——— plx, z,w)dV, = E[p(x, -)] (2.4.27)
r—oo | By ()| 2€B,(z)

where ¢ = 1/|B1(0)], inverse of the volume of sphere of radius 1.

Then, electrostatics enerqgy, in the limit is given by
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E = Elocal + Enonlocal (2428)

0.- r.
Elocal =K / / p(w7 7 )p(m’ o >d‘/z/ de (2429>
ze2 \JR3 0 — 2|

Enonlocal - a0 K({B - wl) : f)(m)@ﬁ(m')dedw/ (2430)
x#x’

where p(x) is the dipole moment at x and is independent of w.

1
p(@) = pla,w) = lim ———— pl@, z,w)zdV,
r—oo | B, ()| 2€B,(x)

Proof of this theorem is in next two sections. We will first construct the random charge
density field, and then analyze the total energy in two parts, namely local and nonlocal

part.

2.4.3 Charge density field

Let B.(x) C R? be the sphere of radius ¢, at material point = € 2.
Let p: 2 x R?® x D — R be a random process. We assume p to be stationary and
ergodic. Therefore, we assume that there exists a ergodic dynamical system T, for y € R3

and also another random process p : 2 x D — R, such that p has following representation

plz,z,w) = plx, T,w) Voe VzecR® YweD

For materials with length scale L >> ¢ >> [, we define scaled charge density field p;,

as we did in the case of nanostructures, as follows

plz,y,w) = p(z, %,w) = o, T,yw) (2.4.31)

2.4.4 Electrostatic energy

We now write the expression of electrostatic energy, as a realization of event w € D, as

follows
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. pl(wa z7w),0l<3317 Z,,W)
5= [ v,

lx+ 2z —a' — 2|

where 2, = 2N (¢Z)3.

Local energy

Fix w € D. In this section, we will compute the limit of Local energy.

given by

|z - 2|

!
Elocal = Z pl(m’ “ W)pl(m7 a 7W) dedef
z,z'€Bc(x)

mefle

After rescaling the integral we get

/
Elocal = Z / l6p(m z w>p(m a 7W) dedel
z,z EBE/l(sc)

weﬂe l|z _le

:Z/ l5p(wzw)p(mz’W)d‘/zd‘/z/
z,2'€B, /i (x)

|z — 2|
meﬂe

(2.4.32)

Local energy is

(2.4.33)

If p is ergodic and stationary than following function is also ergodic and stationary,

see [Jikov et al., 1994],

h(z, z,w) = / pla,z.w) .
R3

Thus, there exist h: 2 x D — R such that

h(x,z,w) = h(xz,T,w) Ve VzcR® YweD

Also, note that by the Ergodicity theorem we have

1
lim —— P(x, z,w)p(x, z,w)dV,
¢/1-00 ‘Be/l )| JzeB, (@)

|Bf(m | / P, w)p(, w)du(w)
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Now, consider local energy

Beji(x !
Elocal Z ‘ /l | l5 / p<w7 z, (.U) / Mdvzl dvz
[Bor@)] Jocn, o) veB @) |27

TEe
4 1

= TN e <— plz, z,w)h(z, z,w)de> (2.4.38)
3 T2 |Be/l(w)‘ zGBe/l(w)

-y 55/ plz, z,w) / Mdvz, dv, (2.4.39)
wcn,  JZEB (@) '€R3-B, ;(z ) |z =2

The second term will go to zero in the limit. We will use Equation 2.4.36 for term

inside the bracket.

Scaling on the charge density field As we argued the in the previous section of
nanostructures, we make a similar argument here. We do not want local energy to go to
zero or infinity trivially in the limit. In Equation 2.4.39, we find that the energy has (4,
and, hence, energy will go to zero in the limit. Therefore, we revisit the Equation 2.4.31,
where we had defined the scaled charge density field p;. Correct scaled charge density

field is as follows

@ 2w
v p(x, Ty w)

We substitute above scaling on p, and also use Equation 2.4.36, to finally get

Elocal = /EQ (Elp(z, - )h(z,-)]) dV, (2.4.41)

We can further write the expression of Ej,., as follows:

Assuming Ty is the identity element of group, i.e. Tow = w,Vw € D. Then

substituting this in local energy expression
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SATHTA TR P

Finally, we can write local energy, in limit, as follows

B =2| [ ([ p@0.)p(@20) ) gy, (2.4.42)
zeN \JR3 0 — 2|

= cE [realization of local energy corresponding to event w| := cE[ejpeqr(w)]

(2.4.43)

Remark: We make following two remarks on calculations so far:

1 Energy ejoca(w), term inside square bracket in Equation 2.4.42, and Ej,eq, for the
periodic p, are similar. In the periodic case, local energy was due to the interactions
of the charge density field within one unit cell, and the charge density field within
the material point. In the case of random stationary charge density field, the local
energy is due to the interactions of the charge density field, at some point y (we
choose y = 0), and the charge density field within the material point.

(z,0,w)P(x, 2, w)

0 — 2|
other point y € R? and evaluate Ej,.q;. That is if

P
2 The choice of 0 in ng dV, was arbitrary. We can choose any

¥ (w) :/ P(w,y,w)P(w,z,w)de, av, (2.4.44)
o ze0 \Jrs ly — 2|

is calculated by choosing any y € R? then

Etocat = Elety ()] = E[elens(w)] = Eletoca(w)] (2.4.45)

This is again consistent with the periodic case. In periodic case the choice of unit
cell Uy was arbitrary, in the sense it is a unit cube, but the center can be any point

of Z3.
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Non-local energy

After rescaling the variable in the expression of non-local energy and using the modified

definition of scaled charge density field, we get

_ § : 4 p(m,z,w)p(m’,z’,w)
Enonlocal - [ zEBe/l(w), |£B + Iz — o — lZ/| d‘/zdvz’ (2446)
z,x' €N, 2'€B. (')
T#x’

After multiplying and dividing by |B.;(z)||Beu(2')

, we get

L 2 61 1 L
Erontocat = <?) Z € (ﬁ’Be/l(w)‘ |Be/l(wl)|

x,x’' €N,
x#x’

plx, z,w)p(x, 2, w)

2€B(@), |+ [z — ' — [2/]
z'€B/(x')

dV.dV, (2.4.47)

1
We focus on the term inside the bracket. It has 2 Since we do not want energy to

go to zero or infinity trivially, we do Taylor series expansion as follows, and look for the

condition.
1 1 0 1
= - l . !
@ +lz—a' =12 |z -2 bylyl]yx_m/ il
{—622 L } P:(z—2)@(z—2)+ 0% (2.4.48)

9?1
Where, we identify the second order term ——— as dipole field kernel K (x). It is

0x? ||
defined as below:
1 T x
K(x)=——— {I — 3—®—} , xR (2.4.49)
4 || x| ||

We substitute Equation 2.4.48 into the expression of non-local energy. Analyzing the

first term, after substitution,
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11 1
oL p(x, z,w)dV,
Z 2|z — x| \Be/z($)| z€B. /()

x,x' €0,
x#x’

1 / !
T 7 | p(w ) Z ) w)dvzl
{\Be/z@’)\ €B. (@)

This term will go to infinity in a continuum limit. However, if we have following

condition

1
lim ——— plx,z,w)dV, =0 Ve (2.4.50)
€/l—o00 |B€/l(w)| zEB, ()

then, the term containing /=2 (among other terms too) will go to zero. We now state

this condition precisely using the Ergodic Theorem.

Charge neutrality condition for random and ergodic charge density field

Elp(x,-)] = /Dﬁ(a:,w)du(w) =0 Vel (2.4.51)

Using the Ergodic Theorem, we have

o p(@, z,w)dV. = | B.(0)| E[p(=, )] (2.4.52)

5% [B(@)] Jecn,a
Given that p satisfies the charge neutrality condition Equation 2.4.50, we find that
contribution from the zeroth order term, and the first order term, in Taylor expansion
Equation 2.4.48, is zero. And, contribution from the second order term, with z®z and
2'®z" will be zero. Contribution from the third order term will also be zero. Therefore,

the non-local energy, in the continuum limit, is given by

1
Erontocal = Z EGK(w - ml) : {— p(m, z, w)dez}

z,x' €N, |B€/l(m)| z€B /()
T#x’

1 / / / /
®{ p(x', 2/ w)2'dV,,
{ ‘Bf/l(m/)‘ 2'€B. (z')

= | o K(x — ') : p(z,w)p(x’, w)dVydy
:71:7512/ 7
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Where, p(x,w) is a polarization within the material point. It is defined as

p(r,w) = lim —— plx, z,w)zdV, (2.4.53)
r=o |B(@)] Jzep, (@)

Where, ¢ = 1/|B1(0)] is inverse of volume of sphere of radius 1.

The analysis of non-local energy is not complete, as we see that integrand in non-local
energy is the function of w € D. Therefore, the continuum limit of non-local energy
appears to be the function of w in probability space. This is in contrast to local energy,

where the final expression of the limit of energy, was mean of energy.

Proposition 5. Dipole moment p(x,w), as defined in Equation 2.4.53, is invariant, i.e.

for all a € R?, we have

p(CB, Taw) = p(a}, w)

Further, since T 1is the ergodic dynamical system, p is independent of w. Therefore,
the integrand of non-local energy is independent of w and hence non-local energy is inde-

pendent of w.

Proof. We use the definition of p to show invariance, using change of variable y = z — a,

as follows

p(a,w) = lim pl@, z,w)zdV.

roo | B, ()] 2€B,(z)

p(wv ) + a, w)(y + a’)dVy

&
(
C
m S —
r—roo ’BT(CU)‘ yEB,(z)—a
C _
( p(mv Ty+aw)dey

+ | lim ———— plx, Tyrqw)dVy,| a
|:T%OO |BT(:B)‘ YyEBr(xz)—a vt Y

c
= lim ——— p(x,y, Tow)ydV,
r—oo |B7”(w)| YEB,(x)—a Y

+ [E[p(z, )] a

= p(x, Tew) (2.4.54)
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Where, we have used the Ergodic theorem and the charge neutrality condition. We

have also used following property of the Mean value of a function f,

M[f] = lim —— F(y,w)dv,

im
r—oo | B, ()] YyEB, ()

C
= lim — f(z, z,w)zdV, (2.4.55)
r—o |B7"(w + a’)‘ z€By(x)+a

So we have shown that p(z,w) = p(x, T,w) for all a € R3.

Since we assumed T to be the ergodic dynamical system, we have

p(x,w) = p(x) Ywe D (2.4.56)

Now, we substitute this in F,oni0cal, and use the Riemann definition of integral, to get

Enonlocal = Am’e(l K(x - "-v/) 'ﬁ(@@f)(m')dvmdwr (2457)
x#x’ 7

]

2.4.5 Discussion

The final expression of energy is similar to the case of periodic charge density field. In
fact, in the next subsection, we will show that the periodic and the quasi-periodic charge
density field are special case of our random charge density field.

We see that in the continuum limit, the local energy is an expectation of the local
energy as a random function. This suggests that in designing the numerical method for
material with random charge density field, we need to compute the phase average of local
energy. As expected, non-local energy is independent of w. The reason for this is, as
we tend to continuum limit, the size of the material point € is much greater than size
of atomic spacing. Since non-local energy is due to one material point interacting with
another material point, the distance between interacting charges, in non-local interactions,
are of the order of e. Compare this to the case of local energy, where the energy is due to

the interaction of charges from a material point. There, the distance between charges is of
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the order of atomic spacing. Therefore, the atomic fluctuations, or rather randomness of
charge density field, can be seen in local energy. Whereas, in the case of non-local energy,
due to the huge separation between interacting charges, all it matters was the average

behavior of charge density field.

Periodic and quasi-periodic media In this paragraph, we show that periodic and
quasi-periodic charge density field are special case of random charge density field.
Periodic case

Define probability space, D, as D = [0, 1]3, and define T}, as follows

T (y)=u+y yeD,yeR?

Then,

Pz, u,y) = Pz, Tyy) = Plx,u +y)

If we substitute this definition of D, and T, we recover the continuum limit for periodic
charge density field.
Quasi-periodic case

We can also find the continuum limit of Electrostatic energy, when p is quasi-periodic.

Define D = [0,1]*. Let M is 3 x 3 matrix. Then, define T, as follows

Tu(y) = Mu-+y ye€ D uckR?

2.5 Continuum limit of the energy due to the system

of dipole moments

In this section, we present our continuum limit calculation of energy, for the system of
dipole moments. The main idea is to attach dipole moments at equal spacing, on the

straight line, and helix, and then compute the limit of energy as the spacing between the
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dipoles go to zero. This is an extension of work in [James and Miiller, 1994] to nanos-
tructures.

As shown in the thesis of [Xiao, 2004], computing continuum limit of electrostatics
energy using the charge density field is equivalent to computing the continuum limit
using the system of dipole moments. Therefore, the continuum limit calculation we did
in section 2.3 is similar to the calculation presented in this section. The proof of the
theorem, for the case of the 1-D system of dipole moments, is interesting and hence, we
want to present it in the thesis.

We describe Helix using second order rotational tensor. If we set the tensor to identity,
we will have the straight line. This is related to how we described the objective nanorod

in section 2.3.

2.5.1 Dipole system along the helix

Let s € R be a parameter to define point & € R? on helix. x on helix is given by

x(s) == Q°xy + sc

Here, @Q is orthogonal rotation tensor, x is a vector in plane perpendicular to vector

c. c is the axis of helix. To simplify the calculation, we take xy = ey, ¢ = e3, and hence

x(s) = Qe + ses

Cross-section of the helix is a circle and for our case the radius of this circle is unity.
Further, the axis is along ez direction. See Figure 2.5.1 below for schematic view.

Straight line: If we set Q = I, we will have straight line. Therefore, the calculation
we present for the helix also holds for the straight line.

Before we proceed with our calculation, we define some relevant quantities as follows
e L, := M. L, This is discretization in parametric space.
e We define map s : R — L, as

S\(y)=s, ifyels,s+ ) (2.5.1)
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x(s) = Qe + se3

€2

€3
€1

(a)

\ e
(b)

Figure 2.5.1: (a) Helix with axis in es direction (b) cross-section of the helix

o Uy(s)=1[s,s+ A).

dy : L) — R? is the system of dipole moments located at points given by parametric

domain L.
e ¢, is magnetostatic energy.

£y : R — R3 is background dipole field, function of parameter s.

2.5.2 Dipole moment and the background dipole field
Let f, € L? (R,R3), for A € (0, 1], such that
fr—2Ff € L*(RRY. (2.5.2)

We define the system of dipole moments d, using the background dipole filed f,, as

follows

dy(z) = fi(s)ds Vze Ly (2.5.3)
Ux(x)
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We define the dipole density d, R — R3, using piecewise constant extension, as

follows

dy(y) = Yy € [z,x + \),Vx € L),

Convergence of the dipole field We have the following result on the convergence of
the dipole field.
Let f, € L? (R, R?), be sequence of vector field. If

2 3
fr—Ff € LRR)

then, we have

dy—f € L’RE)

2.5.3 Energy

We define the energy of system of dipole moments d as follows

exi=—2A Y di(s) - K(x(s) — o(s))da(2(s)) (2.5.4)

s / / £a(s) - Ka(s, o) () dsds
= —— / Fi(s)- (Tnfy)

Where,
D xvaw () K (@(w) — @(v)xuyw)(s) (2.5.6)
u,weLy,
uFv

We define the map T} : L* (R, R3) — L? (R, R?) as

(Thf)(s) == AZ/KA s,8')f(s")ds (2.5.7)



Scaling of K,

We will use this scaling to prove the next result on boundedness of map 7). For any given

a,b € Ly, we have

x(Aa) — (\b) = Q e, + laes — Qe; + \bes
= (A\Q%:1 + Aaes + Q*e; — AQ"e)
— (AQ"e; + \be; + Qe — A\Q'e)
= Az(a) — (b)) + NAx(a,b)e (2.5.8)

Where, we have defined the second order tensor A,, as a function of two parameters

on R, as follows

Q)\a . Q)\b . )\Qa + >\Qb

Ay(a,b) = 3 (2.5.9)
Note that, if @ = I then A,(a,b) =0, for all a,b € R.
Now,
Ka(s,s) = D Xy (5) K (@(u) — (0))xv, ) ()
i
= Z XUy () () K (2 (M) — (A0)) X0, (20 (87)
g
= D xS/ NE A (@(u) = 2(0) + Ax(u,v)en) xvyw)(s'/0)
N
= 5 Y K@) — ) + A e (s (25.10)
&
(2.5.11)

Where, we have used the fact that xu, ) (s) = Xv,w)(s/A). We define new term

K \(s, ") as follows

Ka(s,8) = Z XU1(u (z(u) — z(v) + Ax(u, v)e) xuv, @) () (2.5.12)
u,veLy,
uFv
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Note that, if @ = I, the case of straight line, we have K ,(s,s') = Ki(s,s') as
Ay (u,v) = 0.

Thus, we have following scaling relation for K

K)(s,§) = %Klv)\(s/)\,s'/x\) (2.5.13)

We also define new map 77 » similar to 7} as follows

T1 )\f /Kl)\ S, S )ds’ (2514)

Note that, if Q = I then T\ = T}. Here, by T}, K; we mean Ty, K at A = 1.

2.5.4 Boundedness of map T

We first show that norm of 77 , and T are equal. Then we show that 77  is bounded for

all the functions in C§° (R, R) and hence the norm is bounded for each A.

Proposition 6. The map T and T are bounded for all X > 0. This also satisfies
following property

1T\ 222,02y = 1Tl 2z2 2 (2.5.15)
Above holds for all rotational second order tensor including Q = I.

Proof. We first prove the property of map. Let Sy : L? (R, R?) — L? (R, R?) is a isometry.
It will be sufficient to show, Vf € L? (R, R3)

I Fllesy = ITinF gz (25.16)
Note
Tf)s) =X [ Kals o) f (s
=\ A:,,Ku(s/A s'/N) (ATVR(SAF)('/N)) ds'
=3 [ Kus(s/A (S0
= A"A(TA(S0)) (5/N)
= (Sy T AN f)(s) (2.5.17)
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Where, we have used the fact that (S;'f)(s) = AV2 £(s/A). Now, to prove the

claim 1 we only need to use the definition of norm of map on L? (R, R3) as follows

f
||T)‘||£(L27L2) = sup HH&
ifio I F Il 2 ey

HS,\_1<T1,)\S>\f) ||L2(R,R3)

= sup
1120 112z
TSN 22 s
= Ssup
irizo Il es

[T AN L2 ey
= sup
1ssflzo  ISNFll L2 e ey

= 1Tl 2,12 (2.5.18)

We will only show the bound on K , as the bound on norm of 7} ,, see definition
Equation 2.5.14, will follow from the Young’s inequality.
From the definition of A,,

Aa _ MIb a b
Ay (a, bey| = QM -Q AAQ +2AQ
= %(Q)\ael - Q)\bel> —(Q%e1 — Qb€1)
< (QM§€1 - Q’\biel)' + Q%1 — Qe |
<la—0b+2 (2.5.19)

Where, we have used the fact that any two points on a circle of unit radius can have

1 1
maximum distance of 2. To see (Q’\“Xel - Q" <e)

3 < |a — b|, consider the circle of a

radius —.

A

1 1 1
Let ¢ := Xeh xr = Q)‘axel, and xy = Q’\bxel. We use the the fact that the arc

length of angle is an upper bound for the distance between point xy and rotation of point

x( by an angle A\a. We have

1
21— | < [Aal = [af (2.5.20)

1
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1
Where, we have used the formula that arc length of angle # is r6. For our case r = X

From above bounds, we also have

Thus, for a and b such that |a — b| > 1, we have

|Ax(a,b)er] < ¢ la— b (2.5.23)

For 5,5 € R, and |s — §'| < 1, we have K ,(s,s’) = 0. So we only need to show the
bound on K , for |s —s'| > 1. Using the fact that A,(a,b)e; is bounded by |a — b|, we

have, for |s — §'| > 1,

1 C3
3 (2.5.24)

K, ,\(s,5) <c 3 -
K5, )] < |2(31(s)) — z(31(5)) + Ax(a, b)ey]| S

Recall that $(x) = a, where, a is such that @ € £, and = € [a,a + 1). Basically, §;(z)
returns the point in set £; such that z is in unit cell of that point.

We have also used the fact that |[I —3n®n| < 4 for any unit vector n € R3®. Also,
note that for any s,s" € R, |s — &'| < [51(s) — 81(5")| + 2.

To complete the bound on K 5(s, ), we note that K y is bounded, by 0, for |s — §'| <
1. Thus, we add another constant at the denominator of 2.5.24. So, for all s,s" € R, we

have

[K1ia(s,8)| < c5+|§—4—s'\3 (2.5.25)
where ¢4, ¢5 are positive constants and independent of s, s’ and .
Since K, is bounded by function g(s) = ﬁ which is in L'(R,R), we have the
bound on map 77  for all A.
O
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2.5.5 Limit of map T

We want to know the limit of T\ f as A — 0 in L* (R, R?). We can simplify this calculation
by utilizing the fact that Ty is a bounded map. Let f € L*(R,R3) and let there is a
sequence of functions f* € C3° (R, R), k € N such that

f'——f nl*RE) (2.5.26)
Then,
Ty(f) = Ta(f*) + Tn(f — £*) (2.5.27)

Since the second term is bounded by Hf — ka and it will go to zero as k — oo, we
only need to analyze the T (f"), for any f* € C° (R, R), in the limit A — 0.
Before we analyze the map T), in the limit, we will show results which will be used in

the limit calculation of map 7). We define new function H ) as follows

H,(s) ::/RKL)\(S, s')ds' (2.5.28)

Proposition 7. For any A > 0, and s,s’ € R, we have

Ki(s,8 4 51(5) = QK ,(0,5)Q (2.5.29)

Further, for any s € R and A > 0 we have

H,(s) = QW H,(0)Q*® (2.5.30)

Note that for s =0, §1(s) = 0, hence 2.5.30 is not ill-defined at s = 0. Also, this holds

for all rotational second order tensor including Q = I .

Proof. For the first part of claim, we use the following identity
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K(Qx)=QK(x)Q" Va,bcR® Q c Orth™(R?)

Where we have used the fact that |Qa| = |a|,Va, and

Q(a®b)Q” = (Qa)®(Qb)  Va,beR®

Further,

K(Qm):zw_czl e | |
=4W| ; {Q Q" - |w| (w@w)QT}
=Q (47T_|;|3 [I — %m@m}) Qr
- QK(x)Q"

Let s € [a,a+1),a € Ly. Then $;(s) = a. We have

Kia(s,81(s) + 5

= D xwnwGi(s) + K (2(51(s)) — 2(0) + Ax(51(s), v)en)

veLy,
v#81(s)
= Z Xtnw)(a+ ) K (x2(a) — x(v) + Ax(a,v)eq)
veLly,
v#a
= Z xoi ) (8) K (x(a) — (v + a) + Ax(a, v + a)eq)

v'ea+L,
v’ #£0

(2.5.31)

(2.5.32)

(2.5.33)

In the second step, we have just substituted $;(s) = a. In the third step, we translated

the set £, by an amount a in the sum. Note that £, +a = £y and Xy, (v+a)(a + §') =

Xvi () (8)-

To prove our claim, we only need to analyze the argument of K in above equation,

ie. x(a) —x(v 4+ a) + Ax(a,v" + a)e;. We have
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xz(a) —x(v' + a) + Ax(a,v + a)e;
= Q% +aes — Q" e — (V' 4 a)es
1

I 5 <Q)\a _ Qv/)\—‘r(z)\) e — <Qa _ Qv/—l-a) el

= —ves+ ; (Qm _ Qv’/\+a)\> e

= QM H (I — Q’\”/> e — U/€3:|

= QM [—0,63 - Qvlel + Qvlel + Q" — Q"e; — Oez + % (QO - Q/\vl> 61}

= QM [x(0) — x(v') + Ax(0,7)e4] (2.5.34)

From 2.5.31, we have

KL)\(S, §1(S) + S,)
— Z Xon (o) (8) K (@ [x(0) — z(v') + Ax(0,0)e1))

v'€a+L1,
v’ #£0

= 3 X ()QVK (2(0) — () + Ax(0,1)er) @
v'eLy,
v’ #0

=Q" | > xviw)()K (x(0) — z(v) + Ax(0,0))er) | QN
oy
= QMK ,(0,5)Q (2.5.35)

For second part, we use 2.5.31, and change of variable, to get

H,(s) = /RKL,\(s,sl)ds’
= /RK17,\(s,u+§1(s))du
_ /RQ/\él(S)K1,,\(0, Q) dy
= QMO H,(0)Q ) (2.5.36)
This completes the proof. n
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We now analyze the map T in the limit.

Proposition 8. Let f € C3° (R,R). Then, we have

(InF)(s) o K(s)f(5) (2.5.37)
Where,
K(s) :=Q*® | lim Z KwQ'e, +ves)| Q=5 (2.5.38)
r ooveﬁlﬁ(—p,p),
v#0
Q' is given by
I Qh B QO
Q = lim == (2.5.39)

i.e., Q' is derivative of tensor T(s) = Q° with respect to s at s = 0. Note that, if
Q = I, for the case of straight line, Q@ = 0.
We can further simplify K as follows

K(s) = cQ"YVK(Q'es + e5)Q ) (2.5.40)

Where, constant c is given by

c= > ! (2.5.41)

I
veEL1—0 |U|

Proof. Using Equation 2.5.13, i.e. scaling of K, we have

TF)(s) = N2 [ LK1 A(s/ 8 /N F(s')ds'

R A
= (5 [ Bt £
# (5 [Huemanee) - fo)a) (2.5.42)
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We analyze the term multiplying f(s) in first equation above. Using bound on K j,

see Equation 2.5.25, wwe have, for R > 0,

1
— / K1 (s/X s'N)ds
A |s—s'|>RA

Cy ’
/ zds
|s—s'|>Rx C5 + |S/)\ — S,/)\|

I
> =

I
>
o

3
s—s/|>RA C5A3 + |5 — &

= >\2/ Yt
>R C5A? + [l

C
= / —_dt (2.5.43)

t>R C5 + [t|
In second last step, we did change in variable. From above, we find that the upper
1
bound on X f|s—s’|2R>\ K ,\(s/A, s’\)ds’ is independent of A and it goes to zero as R — oo.

Considering the second term in Equation 2.5.42

/ Koa(s/\ SN)(F(S) — F(s))ds'

/ / 1 / /
= X/ K, (s/A N f(s)ds' — X/ K \(s/A, s'A)ds' f(s)
|s—s'|>RA |s—s'|>RX

1 / A $)ds'
5 ] AN £ (25.44)

We will first let A — 0 and then R — oo. In the limit A — 0, third term will go to
zero, as f € C§° (R, R). First and the second term have an upper bound, independent of
A, as shown in Equation 2.5.43, and as R — oo, the upper bound goes to zero. Therefore,

we have

- [E%HA(S/A)] £(s) (2.5.45)

Where, we did change in variable in s’ in second step, and used definition of H ) in

third step. Combining Equation 2.5.45 and Equation 2.5.30, we get
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lim T, (£)(s) = lim Q¥1C/Y H,(0)Q 1/ £(s)

A—0 A—0

= lim Q" H,(0)Q " £(5)

—Qh [?Eé HA<O)] Q) f(s) (2.5.46)

Where, we have used the fact that As;(s) = $1(s). So, we need to analyze H ,(0) in
the limit. We have

=1lim ) K(—%(QM —Ie; —ves) (2.5.47)

1
We show that the term X(QM —Ie; is derivative of second order tensor as a function

of t € R. We have

-~ (Q/\v o I)61 . (QO+)\U . QO)61

A=0 A A—0 A

Av
— v [lim M] el

Av—0 AU

h
- {lim M} el

h—0 h

— 0@’ (2.5.48)

Where, Q' is defined as

Q= % |o=0 (2.5.49)

Thus,
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lim H,(0) = Z K(—vQ'e; — ves)

A—0
veL1—0

— Z K(vQ’el + 1163)

veL1—0

— [ Z 1 ]K(Q'el+e3) (2.5.50)

E]
veEL1—0 |U|

Second and the third step follows from the definition of dipole field kernel K(x).

Therefore, we have

lim 75(£)(5) = Q) [ S K(Qer +ves)| QO £(s) (2.5.51)

veL1—0

= K(s)f(s) (2.5.52)
Where, we K(s) = Q% (> ver, o K(vQ'er + ves)] Q). This completes the

proof. O]

2.5.6 Main results

We present the main result here.
Theorem 9. Let f, € L? (R,R?) with f € L* (R, R?) such that
fr—f inLl?(RR%). (2.5.53)
A—0

Let the system of dipole moments, located at 1-D lattice points Ly along the heliz, is
given by
dy(s) = fi(shds' Vse L. (2.5.54)
Ux(s)

Let the heliz is described by paramtetric mapping : © : R — R3

x(s) = Qe + se; (2.5.55)
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Where, Q is the second order rotational tensor. es is the axis of helix, and, hence

Q€3 = €s3.
Let ey and T are defined by 2.5.4 and 2.5.7.
Then
(Tnf,) — Kf inL* (R,R?) (2.5.56)
A—0
and
— L np — Y kp (2.5.57)
Ex = 5 AV L2(R,R3) 0 5 I, Kf L2(R,R3) -9.

Where, K is defined in FEquation 2.5.38.
This holds for all rotational tensor Q. If we set Q = I, we will have the system of

dipole moments along the straight line.

Proof. As the map T), is bounded, we have,

(75 f,) = lim (T f) + i (TA(f5 — f)) (2.5.58)
= lim (T, f) (2.5.59)

Now, let f* e Ce° (R, R) are sequence of function such that f* — f. Then

lim (T, f) = lim Tim (75 £*) + lim lim (T3(f — £*))

A—0 k—o00 A—0

= lim lim (T f")

k—o00 A—0

= i (KF)

—Kf (2.5.60)

Note that

T
[<f)\ — £ ) 2rpsy + (f, T)\f)\>L2(R’R3)]
[<f/\ — £ D) eeesy + (D) reersy + (F, Tn(fy — f))LQ(R,R3)] (2.5.61)

(2.5.62)

N — DN
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The first and second term goes to zero. Finally, we have

1 1
(o Ihf\) 2 mps) = —§<f, Kf)r2mrs (2.5.63)

lim ——
=0 2

This completes the proof.

2.6 Electric and magnetic interactions are different
in nanostructures

In general, we would expect the electric and magnetic interactions to be long range even
in materials like nanostructures and thin film. However, it is not the case. Our calcu-
lations, in section 2.5, and section 2.3, show that the electric and magnetic interactions
are short range, in the continuum limit, for nanostructures and thin film. In support of
our calculation, we also note the work of Gioia and James, see [Gioia and James, 1997],
where they compute the magnetostatics energy in the limit thickness of film goes to zero.
They find that the limit of energy does not have a long-range term.

Since nonlocal energy, in the limit, means two charged material domain, very far away
from each other, interact with each other. As, they are far away, at the limit, their
interactions will involve dipole field kernel K. Therefore, the reason that nanostructures
do not have a nonlocal interaction is related to the dipole field kernel.

Dipole field kernel has 1/r3 scaling. Consider 1-D, 2-D and 3-D lattice with a net unit

dipole moment in each unit cell. We can estimate the energy as follows

1 1
1. 1-D dipole system F = > °, — 1= » % —. This sum is well behaved and
r r

bounded. At 7" unit cell there will be unit dipole moment.

1

2. 2-D dipole system £ =), — 7. This sum is also well behaved and bounded.
r

At the circumference of circle of radius r, there will be roughly » amount of dipole

moment.

1
3. 3-D dipole system F = 7 — % r*r. This sum is divergent. Although, this
r

estimate is unbounded, the actual energy density considering the vector nature of
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dipole moment and tensor nature of K, we find the sum to be the conditionally

convergent.

Here, we can see that the energy density for 1-D dipole and 2-D dipole system are
bounded, as opposed to the case of 3-D dipole system. Therefore, the case of 1-D and 2-D
system does not have a long-range interaction. In other words, the dipole field is decaying
very fast, for 1-D and 2-D system, and hence, energy at one atom can be computed by
looking at atoms within some cutoff region. For 3-D, the decay of kernel is not fast

enough.
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Chapter 3

Quasicontinuum formulation: Finite

temperature with electrostatics

In this chapter, we will talk about the multiscale method for electrostatics interactions at
finite temperature. We will follow the multiscale method developed in [Kulkarni et al., 2008].
Although the method in [Kulkarni et al., 2008] was designed for a single lattice, we extend

it to multi-lattice. The extension is straight forward. For the sake of completeness of the
thesis, we will go through the derivation of QC formulation.

In chapter 2, we computed the continuum limit of electrostatics energy for the ran-
dom media. The aim of that calculation was to develop the multiscale method which
can do electrostatics calculations at the finite temperature. We, instead of developing
the multiscale framework, decided to make use of existing methods. We did a sur-
vey of available methods and broadly discovered that there are two choices available
for the finite temperature multiscale calculations. One choice was to use the multi-
scale method developed by Tadmor group, see [Dupuy et al., 2005], [Tadmor et al., 2013],
[Kim et al., 2014]. Another choice was to use the method developed by Knap and Ortiz
group, see [Kulkarni et al., 2008]. Further, our colleague Jason Marshall [Marshall and Dayal, 2013]
had already used the code from Knap and Ortiz group, and modified it extensively, to
implement the electrostatics. His work was for the system of atoms with no thermal
fluctuations. The multiscale method presented in [Kulkarni et al., 2008] was easier to
implement into the existing code.

As proposed in [Kulkarni et al., 2008], we refer to their method as max-ent method.

60



Apart from extending the maz-ent method to multi-lattice, we did not require to modify
or extend it further. As for numerical implementation, we modified the QC code developed
by Marshall, see [Marshall and Dayal, 2013], and implemented the method presented in
this chapter. We add the electrostatics calculation to the max-ent method. However,
the main work for the electrostatics was to compute the continuum limit for the random
media. In rest of this chapter, we will talk about QC method, and how we integrated the
electrostatics.

We also observed that in the quasi-harmonic approximation, the contribution from the
electrostatics energy is zero. We can easily generalize this observation to all the potentials
which have 1/r scaling. The trace of second order derivative of such potentials are zero,
and, hence, their contribution is zero in quasi-harmonic approximation.

The maz-ent method simplifies the calculation in two broad ways: it simplifies the
probability distribution function, and by approximating the statistics problem (calculation
of phase average over configuration space) to the minimization problem. Though, the
second simplification is a consequence of a first. One of the main assumptions of the
method is that the system has some well defined mean state, and the atomic fluctuations
are not significant from its mean state. We use the mean value approximation to construct
the probability distribution function, which has mean state variables as its parameters.
Now, to determine these parameters, we use the variational mean field theory, which
says the best probability distribution function is the one which minimizes the free energy.

Therefore, we finally have a minimization problem on the mean state variables.

3.1 Notations

We will use following notations in this chapter.

o (n,a) : a® atom of n'" lattice
o L"={(n,a):a=1,2,..,N} : set of indices of all the atoms of n' lattice

o L ={(nya) :n=12,.,Q, a=12., N} = UZQ:1 L set of indices of all the

atoms
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m? : atomic mass of atom (n,a)
Pl : momenta of atom (n,a)
q" : position of atom (n,a)

q : vector of positions of all the atoms

p : vector of momentas of all the atoms

Q : total number of lattices

N : number of atoms in each lattice

I = R3V x R3*N : phase space of one lattice

[ =TI'? : phase space of whole system

p: T —[0,1] : probability density function of whole system
Z : partition function of whole system

p . probability density function of atom (n,a)

Z . partition function of atom (n, a)

q" : vector of positions of all the atoms of n'" lattice
p" : vector of momenta of all the atoms of n*® lattice
q" : position of (n,a) atom

Pl : momenta of (n,a) atom

: mean position of (n,a) atom

Pl . mean momenta of (n,a) atom

. standard deviation of position from mean position of (n,a) atom

o : standard deviation of momenta from mean momenta of (n,a) atom

: mean frequency of (n,a) atom
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e 7" : vector of 7' of all the atoms of nt™® lattice

e 0" : vector of o” of all the atoms of n*® lattice

n

e w" : vector of w™ of all the atoms of n'" lattice

e 7 : vector of 77 of all the atoms
e o : vector of o of all the atoms

e w : vector of w] of all the atoms

1

< f >= Wffp({q}7{p}>f({q}7{p})Hff:1 dg"dp" : phase average of

phase function f.

3.2 Maximum entropy principle and the variational
mean field theory

For multi-lattice with the () number of species and the N number of atoms in each species,
state of a system at any time can be described by the momenta vector and the position
vector of all the atoms. Let (q,p) € I' be the state of system, also called microstate of

the system. Then Hamiltonian of system will be

Ha,p) = 3 5 P+ Via) + () (321)

(n.a)
Where the first term is kinetic energy, the second term is potential energy, and the
third term is an electrostatic energy.
There exists a probability density function p : I' — [0, 1], which gives the probability

of a system being at given microstate (q, p). Exact probability function pegeq is given by

_ exp[—fH(q,p)]

peacact(qu P) - Z (322)
exact

where Z,,q.; is a partition function, defined as

63



1
— [7ﬁH( | )]
Zezact - (QN)'hSQN /fe ap dep (323)

Pezact 18 a function of the state of atoms through Hamilton, and it is numerically
expensive to compute phase average of a function using pey.., for a large system of
atoms/particles. We want to approximate pegq and find simple functional form of p. For

that, we will use variational mean field theory together with maximum entropy principle.

3.2.1 Entropy of a system

We define a global entropy of system as follows

ks =

r n=1

The best probability function will be the one which maximizes the entropy, subjected
to all known constraints. See [Jaynes, 1957a] for the detailed reasoning behind this pos-
tulate. Here, we will mention it very briefly.

The function that is positive, which increases with increasing uncertainty, and is addi-
tive for independent sources of uncertainty, is similar to S[p]. Entropy, as defined above, is
also a measure of the amount of uncertainty, when probability density function represents
the uncertainty associated with state of the system. Jaynes, [Jaynes, 1957a], writes

"It is now evident how to solve our problem; in making inferences on the basis of partial
information we must use that probability distribution function which has mazimum entropy
subject to whatever is known. This is the only unbiased assignment we can make; to use

any other would amount to an arbitrary assumption of information which by hypothesis

we do not have.”

3.2.2 Introducing the mean field parameters into the system

Let @7 and p” are the mean position and momenta of atom (n,a). Let v/377 and /30"

are standard deviation from mean position and mean momenta. We have
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<qr>:=q, Y/n=12.,QVa=12.. N

w
DO
D

<p,>=p, Vn=12.,QVa=1,2,..,N

O
-3

(

(
<|1g"—q")?>:=3(r"? Yn=1,2.,QVa=12 .. N (3.2.

(

<|pl =P >:=30"? Yn=1,2,.,Q¥Va=12 .., N

Combining last two constraints into one as follows

<|pt =P’ > +(wl)? < |gk — qi” > = 6(07)? (3.2.9)

Where, we call w? the mean frequency of atom (n,a) and define it as follows

3.2.3 Maximum entropy principle

First, the probability density function must satisfy following normalization condition

Q
n=1

Following is the statement of maximum entropy principle subjected to constraint Equa-

tion 3.2.9 and Equation 3.2.10

kp /
sup  — = [ [plogp + Ap+
p:T—[0,1] (QN)'h3QN r
N Q Q
n n —n |2 n n —n2 m m
pzzﬁa Upa _pa‘ (wa>2 |qa - qa| ] H dq dp (3211)
a=1 n=1 m=1

where A is a Lagrange multiplier corresponding to normalization constraint, and
{(Bm)Y 9 are QN number of Lagrange multiplier corresponding to the standard de-

n=1

viation constraint as written in Equation 3.2.9.
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Taking the variation of functional, and enforcing its value to be zero, we get the
desired probability density function. Further, by using constraint equations we determine

the values of Lagrange multipliers. The results are as follows

o wot = LT TT e | P2 =22+ (w0)* a2 — aiP ) 1o
p(q,p|q,p,w,0)—EHHeXp - 2(0_3>2 (3 ]. )

and the partition function is

292 ((rp 08)° Ve
Z = |h3QN H H <w2w) (3.2.13)

n=1a=1

We observe that we can also write the probability density function and partition
function as the product of the atomic probability density function and atomic partition
function. Let us denote p” as a probability density function of atom (n,a) and ZI' as a
partition function of atom (n,a). We note that the probability of individual atom only
depend on its mean position, mean momenta, and standard deviation parameters.

We write the probability density function and Z in atomic form as follows

Q N
p(a.pla,p.w.o) == [[[[ri(a. Pila}. B} wi, o7) (3.2.14)
n=1a=1
Q N
z=1111% (3.2.15)
n=1a=1
where
ng . n . nl=n —n n _n 1 |pg_pg|2+(w3)2|q2_q2|2
pa(qa7pa|qa7pa7wa7aa) = Z_gexp [_ 2(021)2 (3216)
and
/2
1 3/2 ( (U")2>3
Z0 = 72(ol")? 22 3.2.17
[(QN)]/OY b3 (r2(e:)) (wy)? (3:2.17)



3.2.4 Variational mean field theory

Once we have the simplified functional form of p, we now need to determine the mean
field parameters in the p. We use the variational mean field theory to determine the mean
field parameters. We explain the theory in next few paragraphs.

Let F' be the exact free energy and let F}, be the free energy associated to p. They are

defined as follows

1 _
exp|—0BF] = Zepaet = W/Fe[ BH(aP)] Jqdp (3.2.18)
and
F, =< H >, =TS[p] (3.2.19)

where T is the temperature and is defined as

T = (g—@q (3.2.20)

According to the variational mean field theory, the best probability density function
is the one which minimizes F,. Following inequality, see [Chaikin and Lubensky, 1995],
then is used to find the mean field parameters in p such that F}, is minimum and closest

to the exact free energy F'

F<F, (3.2.21)

3.3 Internal energy, free energy and statement of prob-
lem

In this section, we will talk about the derivation of free energy as a function of mean
position, mean momenta, mean frequency, and temperature. The minimization problem

for the system is also presented in this section.
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3.3.1 Entropy

We use expression Equation 3.2.4 to compute entropy

Q
—kg .
5= g ey L ia"a

m=1

kg
= ON) /plog [H Hpa] H dq"dp™

= kp {— log [(QN)!] + 3QN + 3log [H H %) ] } (3.3.1)

approximating log [(QN)!] by assuming QN to be very large number

log [(QN)!] = QN log(QN) — QN (3.3.2)
Finally, we get
Ty (08’
S =kg {—QNlog(QN) +4QN + 3log [H 1T o ] } (3.3.3)
n=1a=1 a

We can also express the entropy as the sum of atomic entropies S = ij:l 25:1 S

where,

(0”)2

a

After inverting the Equation 3.3.4, we get

n

S 4 1
o =/ hwlexp | = — = + = log(QN) (3.3.5)
kg 3 3

3.3.2 Internal energy

Internal energy is defined as the phase average of Hamilton. We assume that the Hamilton

of a system can be written as atomic sum. That is,

68



Q N
H(q,p)=>»_ > H(q,p) (3.3.6)

n=1 a=1

Where, we define H] as

1
H;i(a,p) = 5 [PiI" + Vi (@) + @3 (a) (3.3.7)

V' is the interatomic potential and @7 is the electrostatic energy.

Internal energy is given by

I 1
E(q,p,w),00) =< H >,= W/FH(% p)dqdp (3.3.8)

In Appendix B, we talk about the calculation of phase average of kinetic energy,
potential energy, and electrostatic energy. We also discuss the calculation of forces, which

are derivatives of free energy on mean field parameters.

3.3.3 Temperature and entropy

Our goal is to derive the energy as a function of mean parameters and temperature. To
incorporate the temperature in a system, we use the fundamental result of statistical

mechanics: equipartition of energy.

Equipartition of energy: For a canonical system in thermal equilibrium, each
quadratic term in the Hamiltonian contributes kg7/2 to the mean Hamiltonian (or In-
ternal Energy) of the system. See [Weiner, 2002].

We enforce the equipartition of energy through local kinetic energy, i.e.

1, 3
< =Pt >==kgT" 3.3.9
2|pa| 2 B a ( )

Assumption: We are interested in modeling the quasi-static process. Thus, we can
o .
assume p7 = 0, i.e. mean momenta is zero for all the atoms.

With the assumption of quasi-static and the equipartition of energy, we have
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(™) = kT (3.3.10)

Substituting above equation in entropy-sigma equation Equation 3.3.4, we get the

equilibrium relation between the local entropy and the local temperature

n

kT
S" = 3kp log { ffwg } + 4k — kg log(QN) (3.3.11)

a

3.3.4 Helmholtz free energy

Helmholtz free energy is defined as a Legendre transformation of the internal energy with

respect to the entropy. For quasi-static process, we have

Q N
Fa {70} {wy}) = int {E (@ {S {wrh) = > > T;“S;f} (3.3.12)

m=1 b=1

Condition for infimum in Equation 3.3.12 is

JsrEladst) uth = 17 (3.3.13)

In Equation 3.3.13, one has to compute the derivative of phase average of potential en-
ergy and electrostatic energy with respect to the entropy S;". Relation in Equation 3.3.13
is the exact entropy-temperature relation. However, it is a difficult task. So, instead of
using the relation between T and S as per Equation 3.3.13, we will use the relation given
in Equation 3.3.11.

Then, the free energy is

3

Fa T/} {wih) = ) SheTa + Yo o<V,
(n,a)eL (n,a)eL
+ Y <®r>,— ) Tr | 3kplog Fply + 4kp — kg log(QN)
(n,a)eL v (n,a)eL ’ ﬁwg

(3.3.14)
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3.3.5 Minimization problem

Mean field parameters, which are still unknown, will be determined by solving the follow-

ing minimization problem for the quasi-static constant temperature problem

min [F (q, T, {w?}) + Fepr (q, T, {w]})] (3.3.15)

a{wi}
where T of the system is fixed and given, and F,; is energy due to external field or

force.

3.4 Quasicontinuum framework

In this section, we will talk about QC approximation of minimization problem stated in
Equation 3.3.15. There are two main steps: selection of representative nodes, and using
interpolation to write the field at other nodes in term of representative nodes. Let us
also denote q as the mean displacement, without the bar on top, for simplicity. We will
be only dealing with constant temperature (or equilibrium) and the quasi-static process.

Thus, the temperature will be fixed and given, and the mean momenta will be zero.

3.4.1 Meshing of the lattice and interpolation

Recall that £ represents the set of atom indices for whole system and L™ represents the
atom indices of n'" lattice. We mesh each lattice independently, and out of N number of
atoms in each lattice, we chose ¢ number of atoms, as a representative atoms. Let L" be
list of representative atoms for n'® lattice. Let K™ be triangulation of £7. We will denote
\if”(-; (n,a)) the value of interpolation function, corresponding to rep. atom (n,a) € Ln
of n™ lattice, and, which takes value 1 at (n,a) and zero at all other rep. atoms.

U satisfies

A A

U ((n,b); (n,a)) = 6mp),(mna) V(n,a),(n,b) e L”

Now, denote g and @" as displacement and mean frequency of rep. atoms of n'®

lattice. Then, displacement and frequency at remaining atoms will be given by
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Z @V (X} (n,a) ¥(nb) € L (3.4.1)

wp = Z WU (XY (nya)) V(n,b) e LT (3.4.2)

Thus, the field at atoms other than rep. atoms, depends on the field at rep. atoms

through the interpolation function.

3.4.2 Minimization problem for unknowns at rep. atoms

We substitute Equation 3.4.1, Equation 3.4.2 in the expression of free energy Equa-
tion 3.3.14. Let Fiyc denote the free energy as function of mean displacement and mean

frequency of rep. atoms.

Foo (HaE 1 (ol T) = F(a(@), w(@), ) (3.4.3)

where q(g) means q” is function of displacement at rep. atoms.

Minimization problem, for the unknowns at rep. atoms, is as follows

min [Foo (q, W, T) + Focoeat (4, W, T)) (3.4.4)

q7

Where q and w are the vector of displacement vector and frequency of all the rep.
atoms. Z ¢, ¢" is the number of displacement vector unknowns and frequency unknowns
in the system. This is compared to total QN number of displacement vector and frequency

unknowns in minimization problem Equation 3.3.15.

3.4.3 Equations to solve

A derivative of the total energy, Fioc + Fe ext, With respect to the position and frequency
of the rep. atom has to be zero to minimize the total energy. Thus, we need to solve the

following non-linear equation
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0

__F q. {o™\.T) = 4.
af}Z QC (q7 {wa}7 ) 0 (3 5)
B NP
awg FQC (qa {wa}7 T) =0 (346>

We have

“n 0 A (o
fa<q7w> = a_q;zFQC (qa {wa}7T)

= > { 0 F(a(q), w(w),T)| ¥((n,b); (n,a)) (3.4.7)

(n,b)eLn 8(12
Where F' is the free energy given in Equation 3.3.14, and q(q) shows that the displace-
ment of an atom is the function of the displacement of rep. atom. So, to compute the force
at each rep. atom, one has to calculate the term in the square bracket in Equation 3.4.7,
for each atom in a material.

Consider the sum S

S= > g((na) (3.4.8)

(n,a)eLm
Where g is some function of atoms of the lattice. The expression of force fz is similar
to summation in S.
We can see in Equation 3.4.7, or in S, that forces on rep. atom is the sum of forces
on a large number of atoms. Therefore, we need to approximate and simplify the force

calculation at rep. atoms.
Simplified force calculation

Node based summation

One way we can approximate S is by computing the g at rep. atoms and summing these

with some weight n. Then

S~ 8= Z n(n,a)g(n,a) (3.4.9)

(n,a)eln
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where choice of weight 7 is such that summation of interpolation function ¥(-; (n,a))

is exact. That is

S = Z U(n,b;n,a) = Z n(n,c)¥(n,c;n,a) = n(n,a) (3.4.10)

(n,b)eLn (n,c eln

= n(n,a) = Z U(n,b;n,a) (3.4.11)

(n,b)eLn

In [Knapp and Ortiz, 2001], we can see that above choice of lattice sum is not appro-

priate. So, we improve this approximation.

Cluster based summation

We improve the node based summation by considering set of atoms, around each rep.
atoms, and summing over these atoms and multiplying by weights for each rep. atoms.

Define set of cluster sites, C (n,a) for rep. atom (n,a) as follows

C(n,a) = {(n,b) € L™ : | X" — X}| < #(n,a)} (3.4.12)
where 7(n, a) is some cluster radius corresponding to (n,a).

We approximate sum as

n,a)EL™ (n,b)eC(n,a)

Sxc8= Y dma) | >  gnb (3.4.13)
(

As cluster radius increases the number of atoms in summation increases. Moreover, for
smaller cluster radius we will have stability issues, pointed out in [Knapp and Ortiz, 2001].
Thus, choice of cluster radius is such that it balances the stability concern and computa-

tional expense.

Equations to solve : Cluster based summation

We chose cluster based summation approximation. Following are the set of equations we

will have to solve
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= Y b Y S R(@(@)wl), T) + Felal@), w(), T)] { W((n,b); (n,0)

(n,b)eﬁ” (mc)e(f(n,b)

= (3.4.14)

= 3 DY Y o P w (@), )+ Faalal@), w@), )] § (0, 0) (n,0)

—0 (3.4.15)

3.4.4 Adaptive meshing

The code has adaptive meshing, meaning at each iteration it checks the energy and defor-
mation of each element, and if needed further divides the element into smaller parts. We
briefly mention the criteria for meshing. Let I1g(e) be the second invariant of deviatoric
part of the Lagrangian strain tensor for element e. We define adaption indicator, €(e) of

element e as

e(e) = |lg(e)|h(e) (3.4.16)

where h(e) is the size of element e. Then, element e is accepted if it satisfies following

criteria

i;) <TOL (3.4.17)

where T'OL is tolerance, and b is the magnitude of the smallest burgers vector of the

crystal.

3.5 Numerical strategy for the electrostatic energy

Since nonlocal energy is a constant random function, we need to find the dipole field for

the mean state configuration and then compute the nonlocal energy. Further, as for local
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energy, the interatomic potentials include local electrostatics interaction. Hence, the phase
average of interatomic potential also includes the phase average of local electrostatics

energy.

3.5.1 Electrostatics energy density

Consider Figure 3.5.1. Suppose we want to compute the electric field at atom shown in
red color. We consider the box with the red point at the center. We use continuum limit
approximation, i.e. energy due to dipole field at elements outside the box. For all the
atoms inside the box, we do exact Coulombic interaction. Since energy due to dipole
field is sensitive to the boundary conditions, see [Marshall and Dayal, 2013], we also take
into account the surface charge density at the surface of intersection between the box and
mesh element. We compute phase average of the interaction of the charges within a box
with the charge at red atoms. For contribution outside the box, we use continuum limit
expression of non-local energy. Moreover, non-local energy, as we observed in Chapter 2,

does not depend on atomic fluctuations.

Energy due to dipole field We consider the linear interpolation in each element.
Therefore, the deformation gradient is constant in each element. As a result, dipole
moment would be constant in each element as it is a linear function of deformation
gradient. The nonlocal energy, see Equation 2.4.29 of subsection 2.4.2, can also be written

as follows

Lo @) Ko = p@)iVedVe = [ V- plal)Go — " plapdVad

x,x' €0,
xH£x’ ot
i [cw’efm n(x')  p(x)G(x — 2')n(x) - p(x)dS.dSy
,w;ém’ 7
—2 ﬁen,w,em n(x') - p(a)G(x — a')V - p(x)dVydSy (3.5.1)
ztx’

where G is the Green’s function and satisfies K(x) = V - VG(x).
Since p is constant in each element, we do not need to compute the energy due to

V - p inside the element. All we need to compute is the energy due to jump in n - p at all
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surface. Note that all this is possible because p is a constant random function, as shown

in section 2.4.

Mesh
Var: mesh
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Figure 3.5.1: Typical mesh in Quasicontinuum method

3.5.2 Dependence of the phase average of charge-charge inter-

action on fluctuations

Let (n,a) is index corresponding to atom in Figure 3.5.1. We will now show that depen-
dence of Coulombic energy on mean frequency decays very fast as the distance between
atom (n,a) and (m,b) increases. This suggests that we should only compute phase av-
erage of Coulomb interaction for atom pair, very close to each other, say 2 to 3 atomic
distance, and for the pair of the atom with more than 3 atomic distance away, we should
approximate the energy using mean position of atoms.

By Taylor series expansion and integration:
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ol o
‘\/5—‘;151 +qr — V2L, —
w wy

a

L [ﬁi] . <¢§0_awl _ @o_bm%)
|qa | aq |q| q=q—q" wg wy,

1 2 1 n m n m
5 {8——} : (\/§U—a$1 — \/§U—bm$2> ® <\/§O—aw1 — \/§O—bmzc2)
dq0q |q| a—ar—ap wy wy wr wy
+ Fthird order 1 Ffourth order (352)
Then
Q(n)Q(m)
(=
;- a;|
Q(n)Q(m)

1\¢
- <_) —/ exp [_ |5131|2 - |332|2] dxdx,
ﬂ- |qa | R3xR3
( ) [ ] ' / (\/ﬁa_awl — \/ﬁa—bma:2> exp|— ]m1\2 — !w2|2]dw1dw2
aq |q’ q=q7—q}" R3 <R3 wg wy
1
2

1 6 62 1 n m n m
(—) { } : / <\/§U—”w1 - ﬂa—bmwg) ® (\/50—”331 - \/§U—bm:c2>
V) 1090q1q|] _pn_am  Jr3xRS wy wy wy wy)

=q,—4qy
exp [— 21| — | } dxidx,
+ / Fthird order Ffourth order eXp[— |$1|2 - |a:2|2]da:1dm2 (353)
R3xR3

Where Q(n) is charge of atom of n' lattice. Note that [,  exp[—2?]dz = 0. Because

of this property, first order and third order term will be zero, and some of the terms in

second order will be zero.

Also, note that

1 1 m n m
‘<—) [ (Va2 - vaha ) o (VaTha - VBT @y ) et o

— <¢an> (£0b> I (3.5.4)

And
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[ 1 ] L <3<qz—a?)®(qz—a?) I
9=q;-qy"

o1 2, ) - :I=0 (355)
9q0q |q| g —ap)’ = q}?|3>

Thus, ¥, 4)(mp) can be written as

Qn)Q(m Qn)Q(m 1
G, | 9wetn) oL (356)
’qa q, | ‘qa q, | R(n,a)
Thus, we have 1/r° decay in dependence of ¥ on fluctuations. Meaning, for atoms far

g — q;| lqr —q)'|’

3.6 Mean frequency from quasi-harmonic approxi-
mation

We will analytically compute the mean frequency for the quasi-harmonic approximation
of energy. Further, we will show that any potential which is of type 1/ |x| contributes
nothing to mean frequency. Note that Coulombic interactions have 1/ |x|. This is why
we found in the previous section that dependence of energy on mean frequency decays

like 1/75. If it was not the case, the decay would have been of the type 1/r3.

Interatomic potential We do Taylor series expansion, up to second order, of potential

energy as follows

D e @+ 5 P e - s -a) (36D

Defining second order derivative of total potential energy as
. 0?V(q)
H(q) = o la=q

0%V
_ oV, (3.6.3)
0q0qy g =qi

(3.6.2)

H(n,a),(m,b)) ((_1)
Thus
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35 e - (-

1 1 n =N m —-m
) Y. Haomw(@ : () - a)o(g —ap) (3.6.4)
(n,a),(m,b)

Taking phase average of Equation 3.6.1, and noting that phase average of g/ — q is

zero, as @ is mean of position of atom (n,a), we have

_ 1 o, 2
<V >=V(a)+y > (—n) I:H ) ma (3.6.5)

(n,a)

Electrostatics energy For ®(q) = >, ) @"Q"/ |a; — a;'], the trace of second

derivative is zero. That is

0? 1
I: — =
0qr0q? |q7 — q;'|

0  V(n,a)(m,b) (3.6.6)

We substitute the quasi-harmonic approximation to the free energy in Equation 3.3.14,

we get

—~ om ,.n 3 n — 1 O—ZLL ’ —
F(qa Ta 7wa) = Z EkBTa + V(q) + 5 Z (J) I: H(n,a),(n,a) (Q)

(n,a) (n,a)

kT
_ Z ™ <3/€B log l ifws ] +4kp — kp log(@N)) (3.6.7)

(n,a) “

Minimizing above free energy with respect to w” and noting that (07)? = kgT", we

a

get

n 1
(wa>2 = gTTH(n,a),(n,a) (368)

As we can see, the electrostatics energy contributes nothing to the mean frequency in

quasi-harmonic approximation.
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3.7 Analyzing interatomic potentials with zero trace
of the second derivative

We would like to know which classes of Kernels have the trace of its second order derivative

Zero.

Proposition 10. Let ¢ : RT — R is pairwise potential. Let energy of system of N atoms

s given by

E({w})zé > o(m — ) (3.7.1)

i,j=1,..,N,

The energy given by above equation will have zero trace of the second derivative only

if ¢ satisfies the following ordinary differential equation

rg"(r)+2¢'(r)=0  Vr>0 (3.7.2)
Further, it can be shown that only ¢(r) = ¢ + co/r, v > 0, satisfy the condition.

Proof. We compute the second derivative of Energy as follows

PE
Hallw)) = 500w,

82 Ly — Ly
-y Félle )

oy ox;0x;
! I / €T; £C®wl €T
- [¢(|m, w3|)’ ’—¢(|ml a:]|)( 1)@( - ;)
J#i xIr; ZD] ‘wl_w]|
" wl_a}@wl_w
6 (s — y) B 2B »] 5
| — x|

Trace of H,; is

TrH;({zx}) =

{%’(le —zil) |
i

o, ¢ ﬂwr%’!)} (3.7.4)
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Since, we want H;; to be zero, for all i, and for all possible {bx;} C R3" ¢ mush

satisfy following equation

2¢/'(r)

;
=rd (r)+24'(r)=0  ¥r>0 (3.7.5)

+¢'(r)=0 Vr>0

So, ¢ needs to be the solution of above ordinary differential equation.

We can solve this ode analytically as follows :

/rgb” (r)dr 4 2¢'(r)dr = ¢ (3.7.6)

let u = r¢’ then du = ¢'dr + r¢’ dr, we have

/ 6" + '] dr + / gdr = o,

:>U—|—¢:Cl

=r¢ +¢ =0 (3.7.7)

integrating above equation further, and using change in variable v = r¢, then dv =

odr + r¢'dr, we get

/dv:clr—l—cz

=V =C1r + ¢y

=é(r) = 1 + % (3.7.8)

We have the desired result.
O

We also note that any kernel with 1/r property will have energy which contributes

zero in quasi-harmonic approximation.
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Chapter 4

Results

In this chapter, we will present some results which will demonstrate the functioning of
our QC code. Before we present the results, we would like to talk about the structure of

the code.
main.cc

——» Read Input Parameters

Set the parameters of instances of
relevant objects

———p» Create Quasicontinua Instance
Create instance of Quasicontinuum class
for each lattice

——» Mesh Lattices
—» Create Neighbor List

——» Compute Force and Energy

——» Loop over loads

—Apply Boundary Conditions

—»Check Remesh Criteria
Remesh lattices if required

—»Minimize Free Energy
Find mean state of system

—»Qutput Data

—» Exit

Figure 4.0.1: QC code flow
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4.1 Structure of QC Code

The code is completely object oriented. We have main function main.cc which calls

function of various classes. Some of the key classes and their functioning are

e Quasicontinua This is class object which contains Quasicontinuum class objects.
For multilattice, think of this as class corresponding to a multilattice, and think of

Quasicontinuum class as each individual lattices.

e Quasicontinuum This is a class object which contains information related to indi-
vidual lattices. Since we mesh each lattice separately, each lattice will have its set
of representative nodes. This is class contains getter and setter functions for data

related to the lattice.

e Input This class deals with input related operation. main.cc calls mainInput() of
this class, which reads parameter from input files, and sets the relevant parameters
of each class. Quasicontinuum class’s constructor calls quasilnput() of this class,

which sets the parameters of each lattice.
e (reateMesh This class meshes lattices. It operates on data of Quasicontinuum.
e PairPotentials This class contains information about interatomic potential.

e (rossNeighborList This class creates a neighbor list, and stores them in its data

bucket. This data will be used when we will compute forces on atoms.

e ForceEnergyCalculations This class computes forces on nodes of each lattice, from

different interactions.

e Flectrostatics This class computes forces and electric field for electrostatics interac-

tion.

Apart from these, we also have few other class, like Indent, Void, Node.
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4.2 Verification of force and energy calculation

We compare the results of new code with the zero temperature code. For same initial
configuration, the results of old QC code, [Marshall and Dayal, 2013], and new QC code
with 7 (standard deviation of position) very small should be very close. This gives us the
way by which we can test the accuracy of our QC code.

We remind the readers that forces at representative nodes of the mesh are computed
using cluster based summation. Thus if forces and energy, at cluster sites, in new and old
QC are close then it implies that forces and energy at representative nodes will also be
close. Similarly, if the forces and energy, at representative nodes, are very close then the
forces and energy, at cluster sites, has to be very close. To avoid the use of excess space,
we will show the force and energy at representative nodes, except once at the beginning

where we will show the force and energy at both rep. nodes and cluster sites.

4.2.1 NiAl system

To verify that the calculation of the code is correct, we can set the standard deviation of
the position of atoms very small, and then compare the force and energy from the zero
temperature QC code. We set the 7 = 0.001, 7 = 0.01, and 7 = 0.1. Table 4.1 gives the
detail about NiAl system.

Table 4.1: NiAl system for force and energy verification of QC code
temperature 300K

system size 32x32x32
kg, h, and ¢,  actual values

atomic mass Ni ~ 58.693400

atomic mass Al 26.981540
potential Mishin NiAl

Lennard-Jonnes Pairwise interaction

We present the results which show that new QC code calculates pairwise interactions

correctly. We switch off the EAM part in Mishin NiAl interatomic potential. Thus, the
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atoms interact only through pairwise potential.

Energy and Force at representative atoms Figure 4.2.1 and Figure 4.2.2 show the
energy at representative nodes in old QC and new QC respectively. As we can see in the
figure, the energies at nodes, of new QC, are very close to energies at nodes, of old QC.

Similarly, Figure 4.2.3 and Figure 4.2.4 show the forces at reps. nodes.
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Figure 4.2.2: Finite temperature QC
Figure 4.2.1: Zero temperature QC - - Lennard Jonnes energy at mean
Lennard Jonnes energy at initial config- state(initial configuration) with 7 =
uration. NiAl system. 0.01. NiAl system.

Energy and Force at the cluster sites Figure 4.2.5 and Figure 4.2.6 show that
energy at cluster sites in both old and new QC code are very close. Figure 4.2.7 and

Figure 4.2.8 show the force at cluster sites.

EAM without pairwise interaction

We now show that the implementation of EAM potential is correct in new QC code. We
switch off the pairwise potential in Mishin NiAl for the calculations in this subsection.
Figure 4.2.9 and Figure 4.2.10 show the energy at cluster sites for old and new QC code.
Figure 4.2.11 and Figure 4.2.12 show the forces at cluster sites.
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Figure 4.2.5: Zero temperature QC -

Lennard Jonnes energy at cluster site at

initial configuration. NiAl system.

scatter
var: X,

3
17.51

—1.26

49%

—1.258

7.514
Max 1751
Min: 7.514

@ gmo ®
@ 90000 ®

20§ o

Figure 4.2.4: Finite temperature QC
- Lennard Jonnes force f, at mean
state(initial configuration) with 7 =

0.01. NiAl system.

Scatter
var:X,

Min: 06278

S SL QL

s et

Figure 4.2.6: Finite temperature QC -
Lennard Jonnes energy at cluster site
at mean state(initial configuration) with

7 = 0.01. NiAl system.



Scatter
var: X,

02%3
Scatter B
var: X,
Y.
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Figure 4.2.7: Zero temperature QC - Lennard Jonnes force f, at cluster site
Lennard Jonnes force f, at initial con- at mean state(initial configuration) with
figuration. NiAl system. 7 =0.01. NiAl system.
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Figure 4.2.9: Zero temperature QC - - EAM energy at cluster site at mean
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figuration. NiAl system. NiAl system.
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Figure 4.2.12: Finite temperature QC -

Figure 4.2.11: Zero temperature QC - EAM force f, at cluster site at mean
EAM force f, at initial configuration. state(initial configuration) with 7 =
NiAl system. 0.001. NiAl system.

Electrostatics

To compare the electrostatics calculation of new code, we assign the artificial charge +1
to Ni atoms and —1 to Al atoms. Figure 4.2.13 and Figure 4.2.14 show the energy at
nodes and Figure 4.2.15 and Figure 4.2.16 show the force at nodes.
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Figure 4.2.14: Finite temperature
Figure 4.2.13: Zero temperature QC - QC - FElectrostatics energy at mean
Electrostatics energy at initial configu- state(initial configuration) with 7 =
ration. NiAl system. 0.001. NiAl system.
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Figure 4.2.16: Finite temperature QC -

Figure 4.2.15: Zero temperature QC - Electrostatics f, at mean state(initial
Electrostatics force f, at initial config- configuration) with 7 = 0.001. NiAl sys-
uration. NiAl system. tem.

4.2.2 Gallium Nitride system

We consider 6 lattice core-shell model of Gallium Nitride. See [Zapol et al., 1997] for more
details. The details of the system are given in Table 4.2.

Table 4.2: GaN system for force and energy verification of QC code

temperature 300K
system size 24x24x24
kg, h, and ¢ actual values
atomic mass Ga 69.722999
atomic mass N 14.006700
potential core-shell 6 lattice

Pairwise

Figure 4.2.17 and Figure 4.2.18 show the energy at nodes for old and new QC code.
Figure 4.2.19 and Figure 4.2.20 show the force at nodes for old and new QC code. From
figures it is clear that if the standard deviation of position is small, here 7 = 0.01, then

force and energy from both old and new QC code agree well.
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Figure 4.2.18: Finite temperature QC
Figure 4.2.17: Zero temperature QC - - Pairwise energy at mean state(initial
Pairwise energy at initial configuration. configuration) with 7 = 0.01. GaN sys-
GaN system. tem.
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Figure 4.2.20: Finite temperature QC -
Figure 4.2.19: Zero temperature QC - Pairwise f, at mean state(initial config-
Pairwise force f,_ at initial configuration uration) with 7 = 0.01. GaN system.
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Electrostatics

Figure 4.2.21 and Figure 4.2.22 show energy at nodes and Figure 4.2.23 and Figure 4.2.24

show force at nodes. From the figure it is clear that force and energy match well for small
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Figure 4.2.21: Zero temperature QC -
Electrostatics energy at initial configu-

ration. GaN system.

Figure 4.2.23: Zero temperature QC -
Electrostatics force f, at initial config-

uration. GaN system.

Figure 4.2.22: Finite temperature
QC - Electrostatics energy at mean
state(initial configuration) with 7 =

0.01. GaN system.
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Figure 4.2.24: Finite temperature QC -
Electrostatics f, at mean state(initial
configuration) with 7 = 0.01. GaN sys-

tem.



4.3 Frequency minimization

In this section, we will present the results for frequency minimization. We first present
the result for the quasi-harmonic approximation. See section 3.6. In the case of quasi-
harmonic approximation, we can compute the frequency analytically. Therefore, we can
compare the results of the code with the analytical result. We then present the result from
our QC code without quasi-harmonic approximation. Meaning, we solve the minimization

problem, see Equation 3.3.15, where the free energy is given in Equation 3.3.14.

4.3.1 Argon gas

We consider Ar gas modeled as single lattice simple cubic crystal with Lennard-Jonnes
potential. The size of the system is eight atoms in all three directions. We use full
atomistic mesh, i.e., we solve for mean frequency of all the atoms. Temperature is 100K.

Parameters are presented in Table 4.3.

Table 4.3: Ar system

lattice constant a 3.6697304
temperature 100K
initial freq 288.2
lj o9 3.4
lj € 0.0104
1j cutoff radius 8.5
system 8x8x8 (full atomistic)

Quasi-harmonic result

We fix the position of all atoms in the initial configuration of simple cubic lattice and min-
imize the energy with respect to frequency. In this case, we consider the quasi-harmonic
free energy. Initial frequency of all atoms is 288.2. Figure 4.3.1 shows the frequency
which minimizes the free energy(with quasi-harmonic approximation) and Figure 4.3.2
shows the analytical frequency. They both match well. Further, in Figure 4.3.4 we can

see the force at the minimum configuration. We compare this with the forces at initial
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configuration shown in Figure 4.3.3.
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Freq minimization without quasi-harmonic approximation

We will present the results which show that the QC code is independent of the initial

value of frequency when the initial value is within some reasonable range. For Argon, we



found that initial frequency should be less than 245.0. We will show results, for different

initial frequency, arriving at the same minimum frequency.

The plot of initial frequency is shown only for the first case. Since initial frequency

is chosen to be uniform, we will just state the value of initial frequency, and show the

minimum frequency we get from the QC code.

Figure 4.3.5 show the initial frequency of each atom. Figure 4.3.6 show the forces

at atoms at minimum configuration. Figure 4.3.7, Figure 4.3.8, Figure 4.3.9 and Fig-

ure 4.3.10 are the plots of frequency which minimizes the free energy corresponding to

initial frequency w = 230.5, w = 192.1, w = 144.1 and w = 115.3.
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Figure 4.3.7: Ar - Minimizing frequency.
Initial frequency = 230.5.
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Figure 4.3.9: Ar: Minimizing frequency. Figure 4.3.10: Ar: Minimizing fre-
Initial frequency = 144.1. quency. Initial frequency = 115.3.

4.3.2 Gallium Nitride

We consider Gallium Nitride with the core-shell model. This consists of 6 lattices. See
[Zapol et al., 1997] for more details. See Table 4.4 below for more details about GaN

system.

Table 4.4: GaN system

temperature 300K
system size 24x24x24
universal constant kg, h, and €, actual values
atomic mass Ga 69.722999
atomic mass N 14.006700
potential core-shell 6 lattice

Quasi-harmonic results

We fix the position of all nodes to initial configuration and minimize the quasi-harmonic
free energy with respect to the mean frequency. Figure 4.3.11, Figure 4.3.12, Figure 4.3.13
and Figure 4.3.14 show the frequency which minimize quasi-harmonic free energy corre-
sponding to initial frequency w = 659.4, w = 527.5, w = 439.6 and w = 376.8.

Remark: For the frequency minimization without quasi-harmonic approximation, we

tried different values of initial frequency, but the code did not converge.
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Figure 4.3.11: GaN - Minimizing fre- Figure 4.3.12: GaN - Minimizing fre-
quency with quasi-harmonic approxima- quency with quasi-harmonic approxima-
tion. Initial frequency is 659.4. tion. Initial frequency is 527.5.
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Figure 4.3.13: GaN - Minimizing fre- Figure 4.3.14: GaN - Minimizing fre-
quency with quasi-harmonic approxima- quency with quasi-harmonic approxima-
tion. Initial frequency is 439.6. tion. Initial frequency is 376.8.

4.3.3 Comments on initial value of frequency

Free energy is a function of mean frequency and mean position. The initial value of mean
position can be assumed to be crystal lattice sites. However, for mean frequency, the
choice of initial value is not trivial.
In this framework, the standard deviation of momenta of all the atoms is given by
0 = \/2kgT. Therefore, the mean frequency would be inverse of 7, i.e. w = ;
As we will see in this section, too less a value of 7 (or high value of initial frequency)

as the initial value, results in a uniform force, f,, = —, on all sites. Too high a value of

ow
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initial 7 means we are considering a very large domain, around the mean configuration,
to compute the phase average of interatomic potential. In this large domain, there will
be many states of the system, for which the significant number of pairs of atoms will be
very close. Therefore, we see that the forces on atoms are very large. For example, if
we have a Lennard-Jonnes potential ¢(r), with r = rq as the equilibrium separation of ¢,
then as r goes below 7y the force increases very rapidly. Therefore, for high value of 7
(or low value of mean frequency), we have very large value of forces f, and f,. This is
also not desirable, as conjugate gradient will either diverge or give results which are not
desirable. Therefore, one has to be careful with the initial value of mean frequency.
Also, it is reasonable to expect the code to be independent of the initial value of fre-
quency, provided the initial value remain in some range, for which the forces are neither
uniform nor extremely large. We have demonstrated this by considering the different val-
ues of initial frequency for which the code converged to the same frequency that minimized

the free energy.

Argon gas

We show the force f, for different values of initial frequency. The details of Ar system

are in Table 4.5.

Table 4.5: Ar system to compare the forces on atoms corresponding to low and high initial

frequency
lattice constant a 3.6697304
temperature 100K
lj o9 3.4
lj e 0.0104
1j cutoff radius 8.5
system 8x8x8 (full atomistic)

We list the magnitude of force f, due to entropy and interatomic potential for three
choices of initial frequency. See Figure 4.3.15 and Figure 4.3.16 for f,, due to the entropy
and the interatomic potential when the initial frequency is very high. Figure 4.3.17

and Figure 4.3.18 show f, when the initial frequency is very low. Figure 4.3.19 and
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Figure 4.3.20 show f,, when the initial frequency is optimum for the conjugate gradient

to converge to minimum.

Table 4.6: Force comparison for different values of initial frequency

High frequency Low frequency Optimum frequency

w = 5763.0 w=115.3 w = 230.5
fentrory 4486 — 06  0.0002243 0.0001121
finteratomic 5.298¢ — (09 0.02640 0.0002848

ot

‘Y
Figure 4.3.15: Ar - f,, due to entropic Figure 4.3.16: Ar - f,, due to interatomic
energy. Initial frequency is 5763.0. potential. Initial frequency is 5763.0.
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Figure 4.3.17: Ar - f, due to entropy Figure 4.3.18: Ar - f,, due to interatomic
energy. Initial frequency is 115.3. potential. Initial frequency is 115.3.
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Chapter 5

Discussion and future works

In this chapter, the discussion of the work is presented. We would also like to talk about
problems we want to focus on in future. We would like to thank Army Research Office for
funding this work. The expenses of first year of Ph.D. was covered by Dean’s fellowship
at Civil and Environmental Engineering. We are thankful to the department for this

fellowship.

5.1 Discussion

One of the goals of this work was to analyze the electrical and magnetic interactions in
nanostructures. As we observed from our calculations, the way electrical and /or magnetic
interactions take place in the macroscopic material, which is neither like a nanorod or like
a thin film, is different from the electrical and/or magnetic interactions happening in the
nanostructures. We find this observation interesting. Nanostructures find application in
many types of devices like electronic devices, sensing devices, and medical tools. Our
continuum limit calculations for nanostructures can be used in the multiscale method for
nanostructures.

As we argued in section 2.6, the reason for this contrast observation in the case of
nanostructures is the scaling of dipole field kernel K. The nonlocal behavior of energy
density is due to the dipole field kernel, and as we know it has 1/r3 scaling. The scaling
of 1/r3 makes it fast decaying for the nanostructures and thin film. We explain this in

more detail in section 2.6.
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We modeled the charge density of atomic system at the finite temperature as a random
field. Although we assumed the charge density field to be ergodic and stationary, it is
a further generalization of the periodic and the quasi-periodic charge density field. The
assumption of ergodicity means, spatial average of the charge density field is equal to the
average over large time. For a material which is at equilibrium at finite temperature,
this assumption should hold. We also assume the charge density field to be stationary.
Stationarity means statistical properties are invariant with respect to the position in space.
For example, time average, or expectation of charge density field, would be invariant with
respect to the position at which we are computing the average. This assumption will not
hold if suppose material has too many impurities or if one part of the material, at the

scale of atomic spacing, is statistically different from the other part.

For the random media, we see that, in the continuum limit, the local energy is an
expectation of the local energy as a random function. Also, nonlocal energy is independent
of w. The reason for this is, as we tend to continuum limit, the size of the material point
€ is much greater than the size of atomic spacing. Since nonlocal energy is due to one
material point interacting with another material point, the distance between interacting
charges is now of the order of e. As charge-charge interaction is linear in nature, and
the fact that atomic fluctuations are happening at the scale of atomic spacing [, while
non-local energy is the interaction at the scale of ¢, we do not see the fluctuations in the

non-local energy.

As in the case of electric calculations for nanostructures, we extended the method
presented in [James and Miiller, 1994], to the 1-D case of a straight line and helix. We
placed dipole moment along the straight line and on the helix, equally spaced apart, and
computed the limit of energy. In the limit, the energy is not long-range. The approach
of the discrete system of dipoles and the charge density field is equivalent, as argued
in [Xiao, 2004]. Therefore, the results for the system of dipole moments in 1-D rod
and helix is not different from the results derived from nanostructures using the charge
density field. In [Gioia and James, 1997], the thin film limit of magnetostatics energy is

computed. There too the energy is short-range in the limit.

We have used maz-ent framework developed by Kulkarni ([Kulkarni et al., 2008]), and
extended it to the multi lattices. We have developed the QC code for finite temperature
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multiscale calculations. QC code is in Object oriented framework.

Our observation shows that the choice of initial frequency is not a trivial task. We
found that if the initial frequency is too high, we have a uniform value of f,,, because
the contribution from entropy dominates, and if it is too low, the forces are very high
because the contribution from interatomic potentials dominates. Recall that the standard
deviation of a position of an atom is the inverse of mean frequency for the given tempera-
ture. In either case, the conjugate gradient method has difficulty in converging to result.
We propose that the initial value of frequency should be such that the contribution from

entropy, interatomic potential and also the electrostatics interaction is of the same order.

We also observed that the potentials, which are often developed using molecular dy-
namics, are not always suitable for the multiscale method. We tried a number of poten-
tials, the core-shell for the Gallium Nitride, Lennard-Jonnes for Argon, Lennard-Jonnes
for NiMn, the core-shell potential for PbTiO3, and almost all of these potentials failed to
converge or failed to give reasonable results. At this point, it will be unfair to blame the
potentials, as it is possible that multiscale model we are using is something which these
potentials can not handle, and it can also be possible that we are using wrong tolerance,

line search tolerance parameters in conjugate gradient method.

We compared the result of our QC code with zero temperature calculation, and we
found that the code gives correct results. We also presented the results for conjugate
gradient minimization of free energy with respect to the mean frequency. We have shown
that, for the quasi-harmonic approximation, results agree with the analytical value of
mean frequency. Further, we show that the frequency minimization is independent of
initial value of frequency, given that the initial value of frequency is not too small (high

initial forces) or not too large (small initial forces).

We also observed that the electrostatics interactions have zero contribution to mean
frequency in quasi-harmonic approximation. We analyzed it and found that the potential
of type ¢(r) = ¢; + co/r, see section 3.6, has zero contribution to the quasi-harmonic
approximation. ‘ Also, Green’s function of Partial differential equation V - V¢ = 6(x),
is of the type 1/ |x|, and hence energy of all pdes of type V - Vu = f will result in zero

value of trace of second derivative of energy.
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5.2 Future works

Designing the multiscale method for non-equilibrium temperature process is one of the
major challenges in the field of multiscale simulations. Many authors, including Ortiz
and Knapp, and Tadmor have tried to develop the multiscale method for material at
finite temperature. See [Venturini et al., 2014] where they extend the maz-ent frame-
work to the non-equilibrium problem. See [Dupuy et al., 2005], [Tadmor et al., 2013],
and [Kim et al., 2014] for finite temperature QC implementation. One of the main diffi-
culty, as noted by the author in [Tadmor et al., 2013], is to transfer the heat between the

atomistic region and the continuum region. The handling of coupling is not yet clear.

We would like to work in the non-equilibrium multiscale method. And, also extend
the electrostatics calculations at equilibrium temperature to the non-equilibrium. How-
ever, to extend the electrostatics to non-equilibrium process, we would need to find the
continuum limit of electrostatics energy. Especially, we need to focus on the nonlocal part
of electrostatics energy, as the local part of electrostatics energy is already coupled to
interatomic potentials, and hence, it is taken care off with the short-range calculations.
For the nonlocal part of the energy, we need to see if the continuum limit calculations
we carried out assuming the charge density field to be ergodic and stationary, still holds.
The assumption of ergodicity is very critical as it relates the spatial average to the aver-
age over time. If charge density field is not ergodic, then computing dipole p(x), at the
material point, is not clear. Assumption of stationarity has more to do with the crystal
structure and arrangement of atoms within the material. If we are modeling crystal solid
than stationarity condition can still be used in non-equilibrium calculations. We would
like to investigate further, and see if we can still assume the charge density field to be

ergodic.

Another approach for computing the continuum limit of electrostatics energy is to
consider the charge density field to be the sum of two fields: constant random field, which
is also the mean, and the random field which is due to thermal fluctuations of atoms. We
can assume that the fluctuating part of charge density field is bounded and then compute
the limit of energy. The similar idea is used to calculate the continuum limit for short

range potentials in [Blanc et al., 2007b].
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We can also extend the idea of the random charge density field to the nanostructures,
objective structures, and thin film. They will find application in multi-scale methods for
nanostructures and thin films. For the case of nanostructures, we can find the critical
length of the nanostructure to the size of cross-section ratio, such that above the critical
ratio, we can use the continuum limit expression of energy presented in the thesis. We
can design the multi-scale method, which is specific to nanostructures.

We can also consider the vibrating thin film such that the mean of the thin film is in
XY-plane, YZ-plane, or XZ-plane, i.e., the mean of the thin film has constant normal.

Dealing with interatomic potential is a challenging task. The potentials are devel-
oped for the specific purpose, and with the assumption of periodic boundary condition
in Molecular Dynamics method. Therefore, it is not always necessary that the potential
would work with multiscale method. We would like to investigate further into this aspect
and try to find the conditions which cause the potentials to fail. We are interested in

developing a method which can critically test the potential.
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Appendix A

Phase average calculation

In the QC method, we often need to compute the phase average of interactions. Here
we briefly discuss the calculation of phase average. We use [Kulkarni et al., 2008] as a

reference.

A.1 Gauss quadrature rule for multiple integrals

We are interested in following n-dimensional integral

I[f] = /OO /OO f(z1,...,2,) exp[—a2% — - - - — 22]dz;...dx,, (A.1.1)

For M-point quadrature method, we will have

M
I[f] ~ Zf(xlf,mg, o TRV, (A.1.2)

k=1

where o5 = (2% 2% ... 2¥) is k' quadrature point in n-dimensional space. And W,
is the weight corresponding to k'® quadrature point. The vector ¥ and weight W) for
3-point and 5-point quadrature point are given below.

Third degree quadrature: We need 2n points to approximate the integral such
that it is accurate up to third order polynomial. The points and weights are obtained by

requiring that the formula should integrate all monomials of degree < 3 exactly. Following
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are the 2n points and weights

(7,0, 00,0, (0,7, .0, 0), ooes (0, 0, 1) (A.1.3)
1

Wi= Vi k=1 ..n (A.1.4)

V=1I(1) = pi™?, 12 = g (A.1.5)

Fifth degree quadrature: We refer the reader to [Kulkarni et al., 2008] for a list of

points and weights. Further, the parameters can also be found on [Krylov and Stroud, 2006].

A.2 Kinetic energy

We can analytically calculate the phase average of K.E. as follows

1 9 1 9 -ni2 3
< =p’">==|3(a" "o = —kgT"
i 5 [B(o0)* + Pi"] = SksT;
Where we have used the quasi-static condition and also the equipartition of energy.

We see that K.E. does not contribute to force.

A.3 Potential energy

Consider the term < V*(q(q) >,. This is the phase average of atomic interaction energy
of atom (n,a). For a given interatomic potential, analytical calculation of integrals is not
an easy task, as one has to sample all points in phase space and calculate V" for all such
points (or configuration). Instead, we approximate the integration involved in < V" >,.
We can use three-point quadrature rule or five-point quadrature rule to get the phase

average numerically. In this section, we consider Lennard-Jonnes and EAM potential.

A.3.1 Energy and force due to k-body potential

Let k£ be the integer and let ¢ : R* — R be k-body potential. Then, the calculation of

phase average involves integral of the following type
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I=< gbk(qlqu? 7qk)

1 exp[—af|q; — @il’]
([(QN) ]1/2QNh3/2) / ¢k q,,4;; - 7qk)Hf (7‘(’/0422)3/2 dqz
[(QN) /20N 77

where, o; = By change of variable, we have

w;
\/50-1"

1\* y y Y
I:<ﬁ) /R%sb (aintql, = 4 gy, ’“+qk> I}y exp[— [y, [*)dy;

Above integral is 3k dimensional. We approximate the integral using M number of

quadrature points in 3k dimensional space, as follows

L\ <, (0 7 0 ~
I~ 1 22 g | W
(ﬁ) Z¢k(al+q1, + @5, ,ak+qk)
where n* = (n¢,ni,....,nt) € R* =12, M and W' i=1,2,... M are M number of

quadrature points and weights.

A.3.2 Lennard Jonnes potential

We consider following LJ potential :

o= [(2)"-2(2)]

Total energy due to this potential is

Ba) =Y =" {5 3 olal - ap)

(n,a) (na) \~ (m.b)

Phase average of energy is

oot ()

(mb)
\/502 \/50’” o —m
/ ¢ < ey — by, + @ — | | expl— yi|* — |yol’ldy,dy,
R6 'U)a wb
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Let, for i = 1,2,.., M, n' = (ni,n}) € RS and W are i*" quadrature point and weight.
Then

M
1( 1 )6 207 207" ‘
I § ¢ na i - nz+ Z qgn Wt
2\ o L:l wr ! wyr

Force due to displacement

The derivative of E" w.r.t. g is given by

V2op V207

o + n__ -m
wn h Wy 2 T4, — qp

)

_ 1/1\°&
f(n,a)7(m,b)(cb w) = 5 (ﬁ) ; {¢ <
\/50.271 7 \/_Ua )

w T — " 5+ qy —4qg '
K “ W' (A.3.2)
Vaor ey
n 771 - m /'72 + qa - qb
wy wy

when (m,b) # (n,a). For (m,b) = (n,a), we have

zzz ﬂagnl = m)

_ + n__ &
W My T™dq — gy

1/1\°&
foomal@w) =35 (ﬁ) 4 Z ¢ (
\/502 i \/_Ub

o h 5+ 4, —ap
Wy wy" Wi
\/503 ; \/—Ub -
— T~ 772+qa qd,
wa wb
(A.3.3)

Force due to frequency

Let Wina),(m,) denote the derivative of energy E7 w.r.t. frequency of atom (m,b). Then
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M
=~ \/_Ua z \/_U —m
Win,a),(mp) (@, w) = Z{ (‘ - wbb m+ @ — q
1
\/_Ub i \/_

— 0 T

)

+ qb - qa,
20m ) )
<— V20i ) mS W (A3.4)

(wp")?

\/_U i \/_Ub i L An _ Am
M= T4, —q,
wa wb

For (m,b) = (n,a), we have

3 1 1 6 M \/50'2 i \/Qa-m i —n —m
Wina),(n,0) (@ w) = B <ﬁ) Z Z ¢’ <' o T wgnb T4, — Q
i=1 | (m,b) N

\/503 7 \/_O—b + —m
wn m— w 772 q, — q, (_\/502) i

n s W' (A.3.5)

n\2
207 . 200 (wg)
on o N+ 4, —q,
a b

A.3.3 EAM potential

EAM potential of any atom (n,a) is given by

£y (q,w) = Z ¢ (lga —

mb)

Where F' is an embedding function of charge density field. p is the charge density field
at atom (n,a) due to its neighbor. Typically, the energy depends on nearest neighboring
atoms. For the single fcc lattice, the charge density field at one atom depends on 13
neighboring atoms.

The second term in energy E” is similar to LJ potential. We have already discussed
the calculation of force and energy of L.J potential. Here we only focus on the energy due

to embedding function. Let

E(q,w) = F(pg)
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Let us assume that charge density p? of any atom (n, a) depends on v € N number of
neighboring atom, including itself. And let N™ is set of neighboring atoms, and including

atom (n,a), on which p! depends. Then, phase average of E” is given by

E:((_L w) =< EZZ >p

1 va \/§O'Nn(1)
= R F i — a7/ + a " ,
(ﬁ) /RSVL’% (pa ( WA (1) Ui dem

\/§O'Nn 2 _ \/50-/\/'71 un _ un
—a()y2 T Ann(2) ﬁyug T Qnnn) IT;2, exp[— |yi‘2]dyz'
W (2) WG (vg)

where g ;) is displacement of atom A (i). And, N(i) gives index of i*" neighboring
atom, of a atom (n,a).

Approximating above integral using Gauss quadrature points. Since, the dimension
of integral, 3, depends on the index of the atom, we will have a different number of
quadrature points for energy E" of different atom. Let us assume M represent the
number of quadrature points for atom (n,a). Then, the expression of energy, using Gauss

quadrature approximation is

V20Np2) ;| - V20 Nrwn) ;- ;
—a’I'IQ + q_/\/'n(Q)a ceey Wnyg + q'/\/";z(yg) W (A36)

y > > > n . . . . mn . .
where 1' = (71,75, . Mn) € R34 is i*h quadrature point in R*= dimensional space.

Force due to displacement

Let f5,0),mp) 18 derivative of E™. It is given by

0, if p" doesn’t depend on (m,b),

foamp@w) =9 5 _ (A.3.7)
———Fy otherwise
oqy

Similar to this, we can find the derivative of energy with respect to the mean frequency.
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Appendix B

Units of constants and variables

QC Code

We present the list of units of important constants and variables here.

3
. mass = grams/mole = N—kg, where N4 is Avagrado’s number.
A

—_

2. distance = = 107" m
3. time = ps (picoseconds) = 107!2s
4. energy = eV = 1.602176565 x 1071 Joule

5. velocity = —
ps

6. force = &

7. charge = e, where e is charge of one electron.

gram
8. momenta = —
mole ps
0 1
9. —F = gram_’ where I is energy.
ow mole ps

We list the relevant variables and units used to measure them

gram

2. p;,0; = -
mole ps
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3. m, = gram

, where m; is atomic mass of atom ¢
mole

sigma;  gram 1
4. w; = —

T mole ps

5. entro v
. entropy = —
K

B.0.1 Boltzmann constant

Consider the kinetic energy and temperature relation

1 9 3
< 12> = SkpT,
277%‘ ’pz’ 92 B
2
= 7L — T,
m;
gram 2 1

Thus kp should be given in unit ——.
mole ps? K

kp = 1.38064852 x 10™®kgm*K 1572

2
1
— 1.38064852 x 1072 x 10° x Ny x 10% x 102820
mole ps? K

B.0.2 Max-planck constant

1
(W) /fpdqdp -1

N 1 ] gram QN .
[R]3QN Pl | ol ps B
We take value of h in unit grammole—. Then
ps
—3QN
1 = e [Em_] 7
mole ps
DI
- [gram/mole/ps}
=1

Value of h is
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h = 6.626070040 x 10™** Jouless

= 6.626070040 x 10 **kgm?s~"

2
— 6.626070040 x 10734 x 10° x N4 x 10% x 1071282
mole ps

Reduced max-planck constant is defined as

B.0.3 Dielectric constant

Energy of two charge ¢; and g; is

_ 449 1
47T€0 ’.’Bl - .’13]"

eV unit is used to measure the energy, and e unit, the charge of one electron, to

measure the charges. Thus, from the equation above, it is clear that we need to use the

o2
value of dielectric constant €y in unit.
eVe
2
€0 = 8.854187817 x 107 12—
Jm

1

— 8.854187817 x 10712
X * 1010~ 6.24150974 x 10%eV

[6.24150913 x 10'¢]”

62

= 0.0055263488697 —
eV

Unit of energy and its derivative are as follows

e cnergy: eV

. OEnergy eV
oq,

7

OEnergy eV
¢ Ow,; ~ gram 1
mole ps
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gram 2

Kinetic energy K.E. will be in unit

mole ps?’
the factor as follows
2
KB = Skyr 2
2 mole ps?

3
= factorK‘EakBT eV

Where, factory g, is given by

 gram 2107107 . m?
mole ps2 N, 1024 852
10
= N—AJoule
6.24150974 x 10"
= N eV
A
Thus,
6.24150974 x 1019
factorg g =

Ny

2

Energy due to entropy: This energy will also be in unit 3
mole ps

dimensionless. Thus, factoreyirepy = factork p..

Potential energy: We use interatomic potential in eV unit.

——. To convert it back to unit eV, we find

Electrostatic energy: Our choice of unit for dielectric constant and position is such

that the unit of electrostatics energy is eV.
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Appendix C

New Algorithm to compute force

due to EAM like N-body potential

In this chapter, we discuss our new algorithm for force calculation due to EAM potential.
Advantage of this algorithm is that it ensures that numerically expensive quantities, like

density, are not computed more than once at any atom for given Gauss quadrature point.

C.1 EAM energy and force

For EAM, force is given by

£ =Y [F(pi)g (rij) + F'(p)g (rig) + V' (ri)] = (C.1.1)

- T4
J t

where ; = q; — q; and r;; = |;;|. EAM energy is given by

poy

1L

F(pi) + Z V(rij)

where, electron density p; at atom i is given by

Pi = Zg(ﬁj)
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Let C be the set of cluster sites of rep. atom I, and n? be the weight associated to

rep. atom I. Then,

=0 | > v ) (C.1.2)

JeLh jech

and force f;, at atom j, is given by Equation C.1.1 for EAM potential.

C.1.1 Zero temperature calculation

We note that for zero temperature case, we do not need to compute the phase average.

The algorithm of force calculation is as follows

1. Construct neighbor list of each cluster site of each rep. atom. Let us denote neighbor

list of cluster site j of rep. atom J as A[J][j].

2. Compute density pj, for each neighbor site k € A[J][j],VJL", Vj € C" and store it

in some density cache.

3. Compute force at each cluster site of all rep. atoms :

For rep. atom I € £"
For cluster site j € C"
For neighbor site k € A[J][j]

compute contribution of atom k to f,using formula for EAM potential

In the internal loop, we use the density cache to get the density.

C.2 Finite temperature calculation

In the finite temperature case, we have mean displacement and mean frequency of rep.
atoms as unknowns. Let g% be mean displacement of rep. atom I, and w? be mean

frequency of rep. atom I.
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Statement of the problem:

mln Eora(q", w") (C.2.1)
q wh

We need to solve :

fo,=> b Z fo V" (x)) (C.2.2)
JeLh jGCh

wI = Z nh Z fuw; Y (x)) (C.2.3)
JeLh Ljech

where subscript ¢ in f_; refers to derivative of total energy with respect to mean
displacement of atom j, and subscript w in f,, ; refers to derivative of total energy with

respect to mean frequency of atom j.

We will only focus on calculation of f, ;. Discussions for f, ; also holds for f, ;.

C.2.1 Force in finite temperature

In finite temperature, we write total energy as (using EAM as an example)

Etotal - Z Ez (024)
1l
where
1 N
E; = W /RgN Fi(pi(w))p(u; @)1 du (C.2.5)

Approximating the phase average Let, energy FE;, of atom 4, depends on N; number
of neighboring atoms, including atom i itself. Then expression of energy F; will involve

integration of Fj(p;(u)) in R3Mi. E; can be written as

E= () At (C26)

k=1
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Then, forces are

3N; M; ok
fu= 2 [(%) (ZE’(m(w(nk)))gé(w(n’“)) l%?“wk) (€27

jEneighbor of i, k=1 Tij (nk)
J#i
L S o (e (nE G (1 (nF i (1) on
+ (\/7?) ;Fj(pg( (1)))g;(ri(n ))rij(nk)W (C.2.8)

C.2.2 Numerical strategy

First strategy is the direct extension of zero temperature algortihm. The second strategy

is a new strategy that we are using in our QC Code.

Extending zero temperature algortithm: Loop over cluster sites

In this, we loop over cluster sites, and for each cluster site we compute the force.

1. Compute the neighbor list of all cluster sites of all the rep. atoms. Let A[J][j] be

the set of neighboring sites for cluster site 5 of rep. atom J.

2. Loop over the cluster site and compute force

For rep. atoms J € £"
For cluster site j € J"
For neighboring site [ € neighbor sites of J
For quadrature point £k = 1,2, ..., M,

compute contribution from atom [ to force at atom j for quad. point &

The last loop over [ will require us to compute Fj(p;(z(n*))) M; number of times,
where M, is the total number of quadrature-points associated to atom I.

If we use third order approximation then M; = 33M.

Disadvantage of above algorithm: Suppose cluster site j and 7' both share same

atom [ as its neighbor. When we will compute the force at cluster site j, we will do EAM
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calculation on atom [, and we will do the same calculation again when we will compute
force at site j'.
Basically, we will compute the density, M; number of times, each time atom [ appears

as a neighbor of cluster site.

In zero temperature, we only need to compute density once, as there is
no phase average calculation involved. Thus, we could compute the density
of all neighbor sites at the beginning of force calculation, save it in a density
cache, and later use it whenever it is required. The same method can not be
adoptedused for finite temperature case because for each neighbor site [, we

will have to save M; number of densities in density cache.

New algortihm: Loop over neighbor sites

Consider the following algorithm. We first loop over neighbor site and then loop over

cluster sites. This way, we will not be doing same calculation related to any neighbor site.

1. Compute the list of all the neighbor sites, at which force has to be computed. Let
all the neighboring sites are stored in C', and let BJi], for i € C, is the set of all
cluster sites which have atom 7 as their neighbor. That is, for given neighbor site i,

we can find the cluster sites B[i] that has i as their neighbors.

2. Loop over neighboring sites

For neighboring sites i € C
For quadrature point k € {1,2,..., M;}
Compute F}(p;) for quadrature point quad
For cluster sites j € Bli]

Compute ¢'(r;;) for quadrature point quad

(%)P)Ni E’(pi)g’(rij)%] to f;
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In this algorithm, for each neighbor sites, we are doing computation only once. For
each neighbor site, we first loop over quad points, compute density for the quad point,

and then add the contribution to all the cluster sites associated to the neighboring site.
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