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Abstract. In this work, we calculate the convergence rate of the finite difference approximation
for a class of nonlocal fracture models. We consider two point force interactions characterized by a
double well potential. We show the existence of a evolving displacement field in Holder space with
Holder exponent v € (0,1]. The rate of convergence of the finite difference approximation depends
on the factor Csh”/e2 where ¢ gives the length scale of nonlocal interaction, h is the discretization
length, and Cs is the maximum of Hélder norm of the solution and its second derivatives during
the evolution. It is shown that the rate of convergence holds for both the forward Euler scheme
as well as general single step implicit schemes. A stability result is established for the semidiscrete
approximation. The Hoélder continuous evolutions are seen to converge to a brittle fracture evolution
in the limit of vanishing nonlocality.
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1. Introduction. Nonlocal formulations have been proposed to describe the
evolution of deformations which exhibit loss of differentiability and continuity; see [28]
and [31]. These models are commonly referred to as peridynamic models. The main
idea is to define the strain in terms of displacement differences and allow nonlocal
interactions between material points. This generalization of strain allows for the
participation of a larger class of deformations in the dynamics. Numerical simulations
based on peridynamic modeling exhibit formation and evolution of sharp interfaces
associated with phase transformation and fracture [9], [32], [27], [15], [1], [12], [24],
[6], [19], [30], [34], [16]. A recent summary of the state of the art can be found in [14].

In this work, we provide a numerical analysis for the class of nonlocal models
introduced in [22] and [23]. These models are defined by a double well two point po-
tential. Here one potential well is centered at zero and associated with elastic response
while the other well is at infinity and associated with surface energy. The rationale
for studying these models is that they are shown to be well posed over the class of
square integrable nonsmooth displacements and, in the limit of vanishing nonlocality,
their dynamics recover features associated with sharp fracture propagation; see [22]
and [23]. The numerical simulation of prototypical fracture problems using this model
is carried out in [24]. In order to develop an L? approximation theory, we show the
nonlocal evolution is well posed over a more regular space of functions. To include
displacement fields which have no well-defined derivatives, we consider displacement
fields in the Holder space C* with Hélder exponent + taking any value in (0,1]. We
show that a unique evolution exists in C%" for C%7 initial data and body force. The
semidiscrete approximation to the Holder continuous evolution is considered and it is
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shown that at any time its energy is bounded by the initial energy and the work done
by the body force. We develop an approximation theory for the forward Euler scheme
and show that these ideas can be easily extended to the backward Euler scheme as well
as other implicit one step time discretization schemes. It is found that the discrete
approximation converges to the exact solution in the L? norm uniformly over finite
time intervals with the rate of convergence proportional to (C;At + C,h7/€?), where
At is the size of time step, h is the size of spatial mesh discretization, and € is the
length scale of nonlocal interaction relative to the size of the domain. The constant
C; depends on the L? norm of the time derivatives of the solution and C, depends
on the Holder norm of the solution and the Lipschitz constant of peridynamic force.
We point out that the constants appearing in the convergence estimates with respect
to h can be dependent on the horizon and be large when € is small. This is discussed
in section 3 and an example is provided in section 6. These results show that while
errors can grow with each time step, they can be controlled over finite times ¢ by suit-
able spatial temporal mesh refinement. We then apply the methods developed in [22]
and [23] to show that in the limit e — 0, the Holder continuous evolutions converge to
a limiting sharp fracture evolution with bounded Griffith’s fracture energy. Here the
limit evolution is differentiable off the crack set and satisfies the linear elastic wave
equation.

In the language of nonlocal operators, the integral kernel associated with the non-
local model studied here is Lipschitz continuous guaranteeing global stability of the
finite difference approximation. This is in contrast to PDE based evolutions where
stability can be conditional. In addition we examine local stability. Unfortunately
the problem is nonlinear so we don’t establish Courant-Friedrichs-Lewy (CFL) con-
ditions but instead identify a mode of dynamic instability that can arise during the
evolution. This type of instability is due to a radial perturbation of the solution and
causes error to grow with each time step for the Euler scheme. For implicit schemes
this perturbation can become unstable in parts of the computational domain where
there is material softening; see subsection 3.4. Of course stability conditions like
the CFL conditions for linear nonlocal equations are of importance for guidance in
implementations. In the case of d = 1, a CFL type condition is obtained for the
finite difference and finite element approximation of the linear peridynamic equation;
see [17]. Recent work develops a new simple CFL condition for one dimensional lin-
earized peridynamics in the absence of body forces [20]. Related analysis for the linear
peridynamic equation in one dimension is taken up in [35] and [7]. The recent and
related work [13] and [18] addresses numerical approximation for problems of nonlocal
diffusion.

There is now a large body of contemporary work addressing the numerical ap-
proximation of singular kernels with application to nonlocal diffusion, advection, and
mechanics. Numerical formulations and convergence theory for nonlocal p-Laplacian
formulations are developed in [10] and [26]. Numerical analysis of nonlocal steady
state diffusion is presented in [33], [25], and [8]. The use of fractional Sobolev spaces
for nonlocal problems is investigated and developed in [13]. Quadrature approxima-
tions and stability conditions for linear peridynamics are analyzed in [35] and [29].
The interplay between nonlocal interaction length and grid refinement for linear peri-
dynamic models is presented in [7]. Analysis of adaptive refinement and domain
decomposition for linearized peridynamics are provided in [3], [21], and [2]. This
list is by no means complete and the literature on numerical methods and analysis
continues to grow.

The paper is organized as follows. In section 2, we describe the nonlocal model.
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In subsection 2.2, we state theorems which show Lipschitz continuity of the nonlocal
force (Theorem 1) and the existence and uniqueness of an evolution over any finite
time interval (Theorem 2). In section 3, we compute the convergence rate of the
forward Euler scheme as well as implicit one step methods. We identify stability
of the semidiscrete approximation with respect to the energy in subsection 3.3. In
subsection 3.4, we identify local instabilities in the fully discrete evolution caused
by suitable radial perturbations of the solution. In section 4, we give the proof of
Theorems 1, 6, and 2. The convergence of Holder continuous evolutions to sharp
fracture evolutions as ¢ — 0 is shown in section 5. In section 6, we present an
example showing the effect of the constants C; and C on the convergence rate and
summarize our results.

2. Double well potential and existence of a solution. In this section, we
present the nonlinear nonlocal model. Let D C R?, d = 2,3, be the material domain
with characteristic length-scale of unity. Let e € (0, 1] be the size of horizon across
which nonlocal interaction between points takes place. The material point * € D
interacts nonlocally with all material points inside a horizon of length €. Let H(x)
be the ball of radius € centered at & containing all points y that interact with x.
After deformation the material point @ assumes position z = @ + u(x). In this
treatment we assume infinitesimal displacements and the strain is written in terms of
the displacement u as

u(y) —u(x) y—=x
S =5y, xz;u) := ) @) . .
ly—=z|  |y—=x|
Let We(S,y — ) be the nonlocal potential density per unit length between ma-
terial point y and x. The energy density at x is given by

/ ly — 2| W(S,y — @)dy,
H.(x)

We(S,z) =

elwy

where wy is the volume of a unit ball in d-dimension and e%w, is the volume of the
ball of radius e. The potential energy is written as

PDe(u):/DWE(S(u),x)dm,

and the displacement field satisfies the following equation of motion:

(1) pRu(t, ) = —V PD(u) + b(t, z)
for all ® € D. Here we have
_VPD () (w) = — / DsW(S,y — ) L% g
Ede HF(m) S 7y |y _ a_:| y’

where b(t, x) is the body force, p is the density, and dsW€ is the derivative of potential
with respect to the strain.
We prescribe the zero Dirichlet condition on the boundary of D,

(2) w(x) =0  Vz e dD,

where we have denoted the boundary by 0D. We extend the zero boundary condition
outside D to R3.
The peridynamic equation, boundary conditions, and initial conditions

(3) u(0, ) = up(x), Ou(0, ) = vo(x)

determine the peridynamic evolution w(t, x).
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Peridynamics energy. The total energy £¢(u)(t) is given by the sum of kinetic
and potential energy given by

(4) £°(u)(t) = & (1)l 2 o) + PO (ult))

where potential energy P D¢ is given by

PDE(u):/Dl L We(S(u),y —x)dy| dx.

d
€Wy H.(x)

Differentiation of (4) gives the identity

d .. Loy . .
() & W)(0) = (a(t), ut)) - (=VPD(u(?)), u(t)),
where (-, ) is the inner product on L*(R?, D) and || || 2(re,py is the associated norm.

2.1. Nonlocal potential. We consider the nonlocal two point interaction po-
tential density W€ of the form

J(ly — =)

o 2
Ty S

(6) WS,y — ) = w(@)w(y)

where f : RT — R is assumed to be positive, smooth, and concave with the following
properties:

lim flr) = f/(0), lim f(r) = foo < 00.

(7) r—0t T =00

The potential W¢(S, y—x) is of double well type and convex near the origin where
it has one well and is concave and bounded at infinity where it has the second well.
J(Jy — |) models the influence of separation between points y and x. We define J¢
by rescaling J(|€|), i.e., J¢(|€]) = J(|€| /e). Here J is zero outside the ball H;(0) and
satisfies 0 < J(|€|) < M for all € € H;1(0). The domain function w enforces boundary
conditions on dgW*€ at the boundary of the body D. Here the boundary is denoted
by 0D and w is a nonnegative differentiable function 0 < w < 1. On the boundary
w = 0 and w = 1 for points « inside D with distance greater than e¢ away from the
boundary. We continue w by zero for all points outside D.

The potential described in (6) gives the convex-concave dependence of W (.S, y—x)
on the strain S for fixed y — x; see Figure 1. Initially the force is elastic for small
strains and then softens as the strain becomes larger; see Figure 2. The critical strain
where the force between x and y begins to soften is given by S.(y,z) :=7/+/|y — x|
and the force decreases monotonically for

15(y, z; u)| > Se.
Here 7 is the inflection point of r :— f(r2) and is the root of the following equation:

F1(r?) + 202 " (r%) = 0.
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We(S,y —x)
A
we (OC, Yy - m)
| | 5
_ r T
ly — = Viy — =
Fi1G. 1. Two point potential W€(S,y — @) as a function of strain S for fized y — x.
OsWe(S,y —x)
3
_ r
ly — x|
| | S
7
ly — =

Fi1Gc. 2. Nonlocal force OsW€(S,y — @) as a function of strain S for fized y — . Second
derivative of We(S,y — x) is zero at £7/+\/|y — x|.

2.2. Existence of solution. Let C%7(D;R?) be the Hélder space with exponent
~v € (0,1]. The closure of continuous functions with compact support on D in the
supremum norm is denoted by Cy(D). We identify functions in Cy(D) with their
unique continuous extensions to D. It is easily seen that functions belonging to
this space take the value zero on the boundary of D; see, e.g., [11]. We introduce
CyY(D) = C%7(D)NCy(D). In this paper we extend all functions in Cy”? (D) by zero
outside D. The norm of u € Cy”7(D;R?) is taken to be

||u||CO‘W(D;Rd) := sup |u(z)| + [’u’]C’OW(D;]Rd) J
xcD

where [u] 0.4 (pra) 15 the Holder seminorm and given by

[u(z) — uly)|
W] 0.~(D. = sup ———=—,
[ }COW(D,Rd) oty ‘:I:—y|’y
xz,yeD

and Cg 7(D;R%) is a Banach space with this norm. Here we make the hypothesis that
the domain function w belongs to CyY (D; R?).
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We write the evolution equation (1) as an equivalent first order system with
y1(t) = u(t) and yo(t) = v(t) with v(t) = dyu(t). Let y = (y1,v2)7 where y1,92 €
CoY(D;RY), and let F<(y,t) = (Ff(y,t), F5(y,t))" such that

(8) Ff(y,t) = Y2,
(9) F3(y,t) :== =VPD(y1) + b(2).

The initial boundary value associated with the evolution equation (1) is equivalent to
the initial boundary value problem for the first order system given by

d

10 Ly =F(y,1),
(10) Y =W
with initial condition given by y(0) = (uo,vo)? € Cg’"’(D;Rd) X COO’W(D;Rd).

The function F¢(y,t) satisfies the Lipschitz continuity given by the following
theorem.

THEOREM 1 (Lipschitz continuity and bound). Let X = C7(D;R%)xCoY (D; RY).
The function F¢(y,t) = (Ff, F$)T, as defined in (8) and (9), is Lipschitz continuous
in any bounded subset of X. We have, for any y,z € X andt > 0,

HFe(yvt) - Fe(zvt)HX

L1 + L ([lwlloon o) + lyllx + 1121
(11) < ( e Dy,

where Ly, Lo are independent of w,v and depend upon peridynamic potential function
f and influence function J and the exponent a(7y) is given by

(7) = 0 if v >1/2,
=124 ify < 1/2.

Furthermore, for any y € X and any t € [0,T), we have the bound

€ LS
(12) 1w, )l x < oy (1 llwlicon o) + llyllx) +,

where b = sup, ||b(t)||co~ (pray and L is independent of y.

We easily see that on choosing z = 0 in (11) that —VPD¢(u)(z) is in C%7(D;R3)
provided that u belongs to C%7(D;R3). Since —VPD*(u)(x) takes the value 0 on
dD, we conclude that —VPD¢(u)(z) belongs to Cy” (D; R?).

In Theorem 6.1 of [23], the Lipschitz property of a peridynamic force is shown in
X = L*(D;R%) x L*(D;R%). Tt is given by

L
(13) 140y, ) = F* (= O)llx < Zlly —=2llx  Vy,2 € X,V € [0,T]

for all y,z € L3(D;R%)2. For this case L does not depend on u,v. We now state the
existence theorem.

The following theorem gives the existence and uniqueness of solution in any given
time domain Iy = (=T, 7).

THEOREM 2 (existence and uniqueness of Holder solutions of cohesive dynamics
over finite time intervals). For any initial condition zo € X =Cy7 (D; R?) x CJ" (D; RY),
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time interval Iy = (=T, T), and right-hand side b(t) continuous in time fort € Iy such
that b(t) satisfies sup, ¢, ||b(t)]|co~ < 00, there is a unique solution y(t) € C'(Ip; X)

of

t
y(0) =z0+ [ Fy(r) )
0
or, equivalently,

y'(t) = F(y(t), 1), with y(0) = xo,
where y(t) and y'(t) are Lipschitz continuous in time for t € Iy.

The proof of this theorem is given in section 4. We now describe the finite differ-
ence scheme and analyze its convergence to Holder continuous solutions of cohesive
dynamics.

3. Finite difference approximation. In this section, we present the finite
difference scheme and compute the rate of convergence. We first consider the semidis-
crete approximation and prove the bound on energy of semidiscrete evolution in terms
of initial energy and the work done by body forces.

Let h be the size of a mesh and let At be the size of the time step. We will keep
¢ fixed and assume that h < € < 1. Let D, = D N (hZ)? be the discretization of
material domain; see Figure 3. Let i € Z% be the index such that ; = hi € D. Let U;
be the unit cell of volume h? corresponding to the grid point a;. The exact solution
evaluated at grid points is denoted by (w;(t),v;(t)).

3.1. Time discretization. Let [0, 7] N (AtZ) be the discretization of time do-
main where At is the size of the time step. Denote the fully discrete solution at
(t* = kAt,x; = ih) as (@}, oF). Similarly, the exact solution evaluated at grid points
is denoted by (ul,v¥). We enforce boundary condition @ = 0 for all 2; ¢ D and for
all k.

We begin with the forward Euler time discretization, with respect to velocity, and
the finite difference scheme for (@¥, 9%) is written as

,aichl ok

u; k41
14 Wi — Wi ok
(14) A7 v,
piHL _ gk
(15) % = —VPD(a")(x;) + b

The scheme is complemented with the discretized initial conditions '&? = (tp); and
09 = (g);. If we substitute (14) into (15), we get a standard central difference scheme
in time for a second order in time differential equation. Here we have assumed, without
loss of generality, p = 1.

The piecewise constant extensions of the discrete sets {@} };cz4 and {#F};czq are
given by

In this way we represent the finite difference solution as a piecewise constant function.
We will show this function provides an L? approximation of the exact solution.
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Fic. 3. (a) Typical mesh of size h. (b) Unit cell U; corresponding to material point x;.

3.1.1. Convergence results. In this section we provide upper bounds on the
rate of convergence of the discrete approximation to the solution of the peridynamic
evolution. The L? approximation error E* at time t*, for 0 < t* < T, is defined as

EF .=

o

k_uk‘

o =]

L2(D;R4) L2(D;Rd)

The upper bound on the convergence rate of the approximation error is given by the
following theorem.

THEOREM 3 (convergence of finite difference approximation (forward Euler time
discretization)). Let e > 0 be fized. Let (u,v) be the solution of peridynamic equation
(10). We assume w,v € C2([0,T];Cy"(D;RY)). Then the finite difference scheme
given by (14) and (15) is consistent in both time and spatial discretization and con-
verges to the exact solution uniformly in time with respect to the L?(D;R%) norm. If
we assume the error at the initial step is zero, then the error E¥ at time t* is bounded
and to leading order in the time step At satisfies

%

(16) sup EF<O <CtAt+ 052> )
0<k<T/At €

where constants Cys and Cy are independent of h and At and Cs depends on the

Hélder norm of the solution and C, depends on the L? norms of time derivatives of

the solution.

Here we have assumed the initial error to be zero for ease of exposition only.
We remark that the explicit constants leading to (16) can be large. The inequality
that delivers (16) is given to leading order by

(17) sup  E¥ <exp [T(1+6C/*)] T [CiAt + (Cy/e*)R],
0<k<T/At

where the constants C, Cy, and C are given by (35), (37), and (38). The explicit
constant C; depends on the spatial L? norm of the time derivatives of the solution
and Cs depends on the spatial Holder continuity of the solution and the constant
C. This constant is bounded independently of horizon e. Although the constants
are necessarily pessimistic they deliver a priori error estimates and an example is
discussed in section 6.
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An identical convergence rate can be established for the general one step scheme
and we state it below.

THEOREM 4 (convergence of finite difference approximation (general single step
time discretization)). Let us assume that the hypothesis of Theorem 3 holds. Fix
0 €[0,1], and let (ﬁk, i)k)T be the solution of the following finite difference equation:

(18)
NPy
- At S= (1 0)9f + o),
(19)
o o] K ; b ;
= (1) (_vaf(a )(zs) +bi) n (—VPDE(ﬂ ) (z;) +bi+1).

Then, for any fized 6 € [0,1], there exists a constant K > 0 independent of (4", d*)T
and (uk, v®)T, such that for At < Ke? the finite difference scheme given by (18) and
(19) is consistent in time and spatial discretization. If we assume the error at the
initial step is zero, then the error E* at time t* is bounded and satisfies

hY
sup EF <O <CtAt + CS2> .

0<k<T/At €
The constant K is given by the explicit formula K = 1/C where C is described by

35). Furthermore for the Crank—Nicolson scheme, 0 = 1/2, if we assume the solutions
u,v belong to C3(]0,T); C’g”(D;Rd)), then the approzimation error E* satisfies

_ By
sup EF<O (Ct(At)2 + CSQ) )
0<k<T/At €

where Cy is independent of At and h and is given by (49).

As before we assume that the error in the initial data is zero for ease of exposition.
The proofs of Theorems 3 and 4 are given in the following sections.

Remark. In Theorem 4, we have stated a condition on At for which the conver-
gence estimate holds. This condition naturally occurs in the analysis and is related
to the Lipschitz continuity of the peridnamic force with respect to the L? norm; see
(41).

3.1.2. Error analysis. Theorems 3 and 4 are proved along similar lines. In both
cases we define the L2-projections of the actual solutions onto the space of piecewise

constant functions defined over the cells U;. These are given as follows. Let (@), o)
be the average of the exact solution (u*,v*) in the unit cell U; given by

- 1
al = 7w /U uf (x)de,

1
ok = m/ v (x)dx,
U;

and the L? projection of the solution onto piecewise constant functions are (ﬁk, f)k)
given by

(20) ﬂ’k(w) = Z il’f:XUi(m)7

i, 2, €D

(21) @)= ) oxu ().

i,x; €D



NUMERICAL ANALYSIS OF NONLOCAL FRACTURE 915

The error between (4", #*)T with (w(t¥), v(t¥))7 is now split into two parts. From
the triangle inequality, we have

)

L2(D;R%)

at - u(tk)’

a’f—ak‘

d
L2(D;R%)

Jo* =]

<
L2(D;R4)

|

In subsubsection 3.1.3 and subsection 3.2 we will show that the error between the
L? projections of the actual solution and the discrete approximation for both forward
Euler and implicit one step methods decay according to

%
)-o(acs ).
L2(D;R4) €

and Hf)k f'v(tk)’

o —v(tk)’

f;k—f)k’

L2(D;R4) — L2(D;R4) L2(D;Rd)

@’“-ﬁ’“’

(22) sup (Huk - a’“‘

0<k<T/At L2(D;R4)

In what follows we can estimate the terms

(23) Huk - u(tk)‘

L2 L2

and show they go to zero at a rate of h”Y uniformly in time. The estimates given by
(22) together with the O(hY) estimates for (23) establish Theorems 3 and 4. We now
establish the L? estimates for the differences @* — w(t*) and ¥ — v(t*).

We write
o =
> /U i (@) — (@) de
B ;D /U % /U i (u(y) — u(x))dy e
i ZD/ i [hl J J (W(y) — uh(@)) - (u(2) - u! (@) dydz | da
SRS /U Lzld /U [uf (y) —u* (@) dy} dz,

where we used Cauchy’s inequality and Jensen’s inequality. For @,y € U;, | — y| <
ch, where ¢ = V2 ford=2and ¢ =+/3 for d = 3. Since u € Cg"y we have

k k
o () - wk)|
u\r)—uw \yY)|=\1—-Y — 1~
)~ )] = oy Y
(25) < Cﬂ{hvﬂukHco,w(D;Rd) <ch? sup lw®)ll o (piray

and substitution in (24) gives
2

2
2y 12
o <Y /U o <51t1p ||u(t)||coﬁ(D;Rd)>

i@ €D

2
< CZ’Y‘D‘h?Y (s[zp ||u(t)C0W(D;]Rd)> .

o
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A similar estimate can be derived for ||#* —v*|| 2> and substitution of the estimates
into (23) gives

sgp (H'&k - u(tk)’

+ Hvk —'v(tk)‘

) = O(h").

L?(D;R4) L?(D;R9)

In the next section we establish the error estimate (22) for both forward Euler
and general one step schemes in subsubsection 3.1.3 and subsection 3.2.

3.1.3. Error analysis for approximation of L? projection of the exact
solution. In this subsection, we estimate the difference between approximate solution
('Jlk, f)k) and the L? projection of the exact solution onto piecewise constant functions
given by (@", 9%); see (20) and (21). Let the differences be denoted by e*(u) := @ —a*

and e*(v) := 9" — 0", and their evaluation at grid points are e¥(u) := ﬁf — ﬂf and
ek (v) == vF — oF. Subtracting (a¥*! — a@¥)/At from (14) gives
’ljlli,c‘f‘l _ ,&iﬂ ,ai_@#’l _ ,&i@
At At
~k k&
— it _ a —a)
' At
T Skl =kl =k
R L L . M + du; ™" B ay Tt — @)
7 i i ot 2% AL )

Taking the average over unit cell U; of the exact peridynamic equation (10) at time
tF. we will get
~ k41
{)]'64*1 o auz "
¢ ot

Therefore, the equation for e¥(u) is given by

(26) ei () = ef (u) + Atef ™ (v) + Atrf (w),

7
where we identify the discretization error as
~k4+l ~ktl ok
_ du; " wiT -y
ot At

(27) 7F(u) :

Similarly, we subtract (9¥T' — #¥)/At from (15) and add and subtract terms to

K3

get
~k+1 ~k ~k+1 ~k k k ~k+1 ~k
Vi —v v —v erakyia, k_avi 31’1'_'”1' Y
At N (@")(@i) +b; o ( ot At )
k
— —VPD (") (z;) + bF — %
(28) N ovy ot ) N ovF o)
ot At ot ot |’

where we identify 77 (v) as follows:

ook ottt —oF
2 k)= L -2 7F
(29) 7 (V) ot At
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Note that in 7%(u) we have
okt
3

ot
and from the exact peridynamic equation, we have

ovr
k %

Combining (28), (29), and (30), we get

= VPD(u")(z;).

ef“(v) =ef(v) + Atrf(v) + At (6(;; - )
+At( VPD (4" (x;) + VPD (uk)(wi))
= ek (v) + AtrF(v) + At < vl )

+At( VPD(4")(x;) + VPD (@ )(wi))

+ At (—VPDE(ﬁk)(:ci) + VPDE(uk)(a:,»)> .

The spatial discretization errors o (u) and ¥ (v) are given by

(31) ok (u) == (—Vppﬁ(a’f)(xi) + VPDE(u’f)(xi)) :
(32) ok (v) = a@tz - 685 .

We finally have
eft(v) = ef (v) + At (7] (v) + oF (v))
(33) + At (—vppﬁ(a’“)( ) + VPDe(ql )z )) .

We now show the consistency and stability properties of the numerical scheme.

917

3.1.4. Consistency. We deal with the error in time discretization and the error
in spatial discretization error separately. The time discretization error follows easily
using the Taylor series while the spatial discretization error uses properties of the

nonlinear peridynamic force.

Time discretization. We first estimate the time discretization error. A Taylor

series expansion is used to estimate 7F(u) as follows:

o= ()

] (AP o)

Computing the L? norm of 7f(u) and using Jensen’s inequality gives

82 k 9
HT HL2(D ;R9) =5 2 ‘ Ot2 L2(D:R4) + O((At) )
2
<A Ha u(t) +O((AD)?).
2 O | p2(pmey
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Similarly, we have

At

0%v(t)
||Tk(v)HL2(D;Rd) = 251§p‘ 52

5 +Oo((At)?).

L2(D;R4)

Spatial discretization. We now estimate the spatial discretization error. Sub-
stituting the definition of ©* and following the similar steps employed in (25) gives

ok 1 ov*(x) 1 ovk(x;)  Ovk(x)
k % i
()] = - da| < R - d
i) = |5~ /U ot w‘ = /U z—a| | ot ot |
k
<Y ov® < R sup (t) .
Co1 (DR e 19t llcon(pmey

k

%

(v) and substituting the estimate above delivers

ov(t
oA ey <176 TBT s 2202

Taking the L? norm of error o

CO7(D;R4)

Now we estimate |oF (u)|. We use the notation w*(x) := u*(x + €£) — u* () and

Ek(w) = (x4 e€) — u"(x) and choose u = u* and v = @* in (76) to find that

|0k (u)| = ‘—VPDe(ﬁk)(a:i) + VPD (ub) ()

(34)

IN

(s + ) — i (@ + e€) — (u (@) — @ (@)
20 / J<|s|>‘ e
H,(0)

€[€]

EWd

Here C5 is the maximum of the second derivative of the profile describing the potential
given by (71). Following the earlier analysis (see (25)), we find that

(@i + €)@ (i + €)] < T 50D [u(®) oo (pypey:

’Uk(wi) — ¥ (a;)

< TRY sgp ”u(t)HCOﬁ(D;Rd)'

For reference, we define the constant

(35) o= /H L, e

Wd

1
13
We now focus on (34). We substitute the above two inequalities to get

20 1
<2l ez
€“Wd|J H, (0) ‘5 ‘

(| (i + €) — @ (@i + )| + | (1) — @ )

dé.

| (u)

( ) 48

c
< 4 suplu®)ll o (pire)-

Therefore, we have

C
||ok(u)||L2(D;Rd) <hY <4CV\/@62 Sgp ||u(t)coww(D;Rd)> .

This completes the proof of consistency of numerical approximation.
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3.1.5. Stability. Let e* be the total error at the kth time step. It is defined as
e’ =l (U)HL2(D;]Rd) + ||ek(v)”L2(D;]Rd) :
To simplify the calculations, we define the new term 7 as
T=SUp (HTk(u)HL2(D;Rd) + HTk(v)HL2(D;R4)
o @ oy * 1" ) apsy) -

From our consistency analysis, we know that to leading order

Cs

(36) T < Ci At + E—th,
where

1 0u(t) 1 H Pu(t)
37 C;:= =—su + =su ,
37) FTRRP H 02 2oy 2 e L2(DiR)

0u(t) -
(38) Cs :=c"/|D| [e SUp || = +4C sup [[u(t) | co.r (pigay | -
CO.v(D;R%) t

We take the L? norms of (26) and (33) and add them. Noting the definition of 7
as above, we get
2) 1/2

We need only estimate the last term in above equation. Similar to (34), we have

eFHl < b 4 At HekH(U) + Atr

HLZ(D;]Rd)

(39) + At (Z e ‘—VPDC(ﬁk)(mi) + VPD (") ()

‘—VPDE (@F)(a:) + VPD (@) ()

20, 1. i »
< 2wy /H1 |£| ‘€| ‘u T; + 65) (wl +€€) ( (mz) —u (1131 d&
o ‘; e (u) (s + €€) — e (u)(@)| dg

2C
B €2w2d /I-I (|£| ‘£| (|€ wz"‘ﬁé "" |€ :cl dE

By e*(u)(z) we mean evaluation of piecewise extension of set {e¥(u)}; at . We
proceed further as follows:

’—VPDe(ﬁk)(wi) + VPD () (@)

2C,
- <€2wd> /Hl(O /Hl(O) (&b \71\)|€| \77\

(Je* () o+ €€)] + e () )]) (e )+ em)] + [ )] ) .
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Using inequality |ab| < (|a|? + |b|2)/2 we get
(|e* (u)(z; + €&)| + | (w) (z;)|) (|€” (w)(; + en) |+|e (u)(:)])
<3(’e scl—i—eé‘ +|e scl—&—en‘ +|eF(u ‘2)

and

> nt ’—VPDE(ﬁk)(wi) + VPD (") (x;) ’
x, €D

205
—(e%d> /H/H< (Ieh-7 |n|)|£||?7|

Z h?3 (e u xi—l—eﬁ‘ +‘e u wi—&—en)f—i—‘ek(u)(wi)f) dgdn.
x; €D

Since e (u)(x) = Y wieD ef(u)xy, (x), we have
(6C)?

€t

<

) Y hd‘—VPDE(ﬁk)(a:i) + VPD () ()| e* (u

x, €D

|2y

where C' is given by (35). In summary, (40) shows the Lipschitz continuity of the
peridynamic force with respect to the L? norm; see (13), expressed in this context as

€[5 €/~ 66—’
@) VPP @)~ VD) orn < g e )iy

Finally, we substitute the above inequality in (39) to get

6C
HHl < F 4 At Hek“(v)HLQ(D;Rd) + Atr + At? Hek(u)||L2(D;Rd) :

We add the positive quantity At|[e*+!(u)||p2(pra) + At6C/€?||€F(v)||12(pray to the
right-hand side of the above equation to get

" < (1+ At6C/e?)er + Ateh T + Atr
1o (L At6C/e?) At

e ST oA ST oA

We recursively substitute e/ on the above as follows:
G < (1+ At6é/€2)ek At

1— At 1- At
=/ 9N 2 ~7.2

< <(1+At6C’/e )) e At (1+ (14 At6C /e ))

T

= 1— At 1- At 1— At
1+ At6C/H\ T At I+ A6C /)T
< (== 7 N =g
(42) —< 1- At e+1fAtTjZ::0 1- At

Since 1/(1 — At) = 1+ At + At? + O(At3), we have

(1+ At6C/e2)

A Sl (14 6C/)At + (1 +6C/e*)At? + O(C/2)O(AL?).
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Now, for any k < T/At, using identity (1 + a)* < exp|ka] for a < 0, we have
14 At6C €2\ "
1— At
< exp [k(1+6C/e*)At + k(1 4+ 6C/e*)At> + kO(C/e*)O(At?)]
<exp [T(1+6C/€*) +T(1+6C/e*)At + O(TC/e*)O(AL?)] .
We write the above equation in more compact form as follows:
1+ At6C €2\ "
1— At
<exp [T(1+6C/€*)(1 + At + O(At?))] .
We use the above estimate in (42) and get the following inequality for e*:
" <exp [T(146C/€*) (1 + At + O(AE?))] (° + (k + 1)TAt/(1 — At))
<exp [T(1+6C/€*)(1 + At + O(At?))] (e + Tr(1 + At + O(At?)),

where we used the fact that 1/(1 — At) = 1+ At + O(At?).
Assuming the error in initial data is zero, i.e., ¢ = 0, and noting the estimate of
7 in (36), we have

sup e® < exp [T(1+ 66’/62)] T,
k

and we conclude to leading order that

(43) s%p e <exp [T(1+6C/*)| T [CiAt + (Cy /)R] .

Here the constants C; and Cs are given by (37) and (38). This shows the stability of
the numerical scheme. We now address the general one step time discretization.

3.2. Extension to the implicit schemes. Let § € [0,1] be the parameter
which controls the contribution of the implicit and explicit schemes. Let ('&k, 'f)k) be
the solution of (18) and (19) for given fixed 6.

The forward Euler scheme, backward Euler scheme, and Crank—Nicolson scheme
correspond to the choices § =0, § = 1, and § = 1/2, respectively.

To simplify the equations, we define © acting on discrete set {f*}, as OfF :=
(1-0)fF+0f+1. By © ka , we mean (1—6) kaH +6 ka‘HH. Following the same

steps as in the case of forward Euler, we write down the equation for e¥(u) := @ —aF

and eF(v) := dF — 0¥ as follows:
(44) el (u) = ef (u) + AtOek (v) + AtOTF (u),

el (v) = eF (v) + AtOcF (u) + AtOck (v) + AtOTF(v)
+ A1 - 6) (—VPDe(ﬁk)(wi) + VPDf(ﬁ’“)(a:i))
(45) + A9 (fvppﬁ(ak“)(mi) + VPDE(a’““)(mi)) ,

where 7F(v), 0¥ (u), 0k (v) are defined in (29), (31), and (32), respectively. In this

7
section 7% (u) is defined as follows:

k(u) . aﬁf _ {l’i‘ﬁ_l — ﬁf
¢ 0t At '
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We take the L? norm of e*(u)(x) and €*(v)(x), and for brevity we denote the L?
norm by || - ||. Recall that e¥(u) and e*(v) are the piecewise constant extensions of
{ek(u)}; and {eF(v)};, and we get

(46)

Hekﬂ(u)H < Hek(u)H + AtO Hek(v)H + At© ||7‘k(u)H )
<l

[T )| < [le* )] + At (O [|o* ()] + © ||l (v)]| + & [ ()]])
1/2
+AHL=0) | Y R? ‘—VPDE(ﬂ’“)(a:i) + VPD (") (x;) ’
i,2, €D
1/2
(47) +Aw | Y n ‘—VPDe(ﬁkH)(asi) + VPD(ah ) (a;) ’
i, &, €D

From our consistency analysis, we have
T= S‘]ip (HTk(u)HL?(D;Rd) + ||Tk(v)||L2(D;Rd)

+ HUk(u)HLQ(D;Rd) + Hok(U)HLZ(D;Rd))
nY

o
€2

(48) < O At + O,

where Cy and Cj are given by (37) and (38). Since 0 <1 -6 <1land 0 <6 <1 for
all 6 € [0,1], we have

O (I @ + I @)l + [lo* @l + [lo* @) < 27

Crank—Nicolson scheme. If § = 1/2 and if u,v € C3([0,T]; C®7(D;R?)), then
we can show that
(At)2 3ar T2
12 ot?

%Tf(u) + 17'»’”'1(11) = +O((At)?).

A similar result holds for 1/27/ (v)+1/ 27F 1 (v). Therefore, the consistency error will
be bounded by C;At? + Csh? /€ with

~ 1 O3u(t) 1 0*u(t)
49 Cy:=—s + —5 ,
(49) TR0 e 1270 (| s
and Cj is given by (38).
We now estimate (47). Similar to (40), we have
12
d ~ K ~k 2 ¢ k
(50) S b ’fVPDE(u )(z;) + VPD (@) () <= et
&, €D €
12
2 C
G | X wYPD @ @) + VPP @) | < G e W),
€

i, x; €D
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where C' is the constant given by (35). Let e* := e (u)|| + ||€*(v)||. Adding (46)
and (47) and noting (50), (51), and (48), we get

eFtl < (1 + At(1 — 9)2>€k + At@%ekH + 27At,
€ €

where we assumed C'/e€ > 1. We further simplify the equation and write

1+ At(1-6)C/é 2
k+1 < _ k _
¢ ST i-awoe ¢ ti1-awoie”

where we have assumed that 1 — At0C /€2 > 0, i.e.,

(52) At,

2
(53) At < % = K.

Thus, for fixed € > 0, the error calculation in this section applies when the time step
At satisfies (53). We now define a and b by

1+ At(1—0)C/€
- 1-AtC/e2
1

We use the fact that, for At small, (1 — aAt)~! =1+ aAt + o?(At)? + O((At)?), to
get

b=1+AtoC/e® + O ((At/€2)2> =140 (At/e).
Now since At < €2/C, we have
(54) b=0(1).
We have the estimates for a given by
a < (1+At(1—-0)C/e)(1+ AthC/e* + O((At/e*)?))
=1+ A0+ (1—0))C/ + O((At/e*)?)
=1+ AtC/e® + O((At/e*)?).
Therefore, for any k < T/At, we have

r ~ 2
a < exp kAt% + kO ((A;) )]
€ €

<exp |TC/e* 4+ 0O (At <€12>2>]

<exp |TC/e* + O(;)},

where we simplified the bound by incorporating (53). Then, from (52), we get

k
bl < ghtlel 4 or AtZaj b.
=0
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From the estimates on a*, we have
k .
(55) AtY "al < Texp[TC/e® + O(1/€)].
=0

Combining (54) and (55), we get
e <exp[TC/e? +O(1/€?)] (e +2T70(1)).
Since 7 = O(Cy At + Csh7 /€2), we conclude that, for any € > 0 fixed,

supe® < O(Cy At 4 C.hY /€),
k

where we assumed e = 0. Similarly, for § = 1/2, we have sup, e**! < O(C;(At)? +
Csh? /€%). Therefore, the scheme is stable and consistent for any 6 € [0, 1].

3.3. Stability of the energy for the semidiscrete approximation. We
first spatially discretize the peridynamics equation (1). Let {@;(¢)}; x,ep denote the
semidiscrete approximate solution which satisfies the following: for all ¢ € [0,7T] and
i such that x; € D,

(56) ui(t) = =V PD(a(t))(@:) + bi(1),

where 4(t) is the piecewise constant extension of discrete set {@;(t)}; and is defined
as

(57) alt,z) = 3 it (@).

i, 2, €D

The scheme is complemented with the discretized initial conditions ;(0) = wo(x;)
and 0;(0) = vg(x;). We apply the boundary condition by setting ;(t) = 0 for all ¢
and for all x; ¢ D.

We have the stability of semidiscrete evolution.

THEOREM 5 (energy stability of the semidiscrete approximation). Let {u;(t)};
satisfy (56) and let u(t) be its piecewise constant extension. Similarily let b(t,x)

denote the piecewise constant extension of {b(t,x;)}i z,ep. Then the peridynamic
energy £° as defined in (4) satisfies, for all t € [0,T],

T 2
(55) eemxt)s( E@0) + 55+ | |B<s>|L2(D;Rd>ds> .

The constant C, defined in (63), is independent of € and h.

Proof. We multiply (56) by xu,(x) and sum over ¢ and use the definition of
piecewise constant extension in (57) to get

i(t, ) = ~VPDe(a(t))(2) + b(t, )
= —VPD(a(t))(z) + b(t, @)

+ (=VPD(a(t)(x) + VPD(u(t))()),



NUMERICAL ANALYSIS OF NONLOCAL FRACTURE 925
where —V PD<(a(t))(x) and b(t, ) are given by

~VPDe(a)(@) = Y (~VPD (a(t)(@))yv, ().

i, 2; €D
B(tvw) = Z b(ta wi)XUi (il))
i, 2, €D
We define the set as follows:
(59) o(t,z) == —VPD(u(t))(x) + VPD(a(t))(x).

We use the following result which we will show after a few steps:

(60) lollzz s < 75

We then have
(61) w(t,x) = —VPD(a(t))(x) + b(t,x) + o(t, x).
Multiplying above with @(t) and integrating over D, we get

(w(t), u(t)) = (~VPD(a(t)), u(t))
+ (b(1), w(t)) + (o(t), a(t)).

Consider energy £¢(u)(t) given by (4) and note the identity (5) in order to have
d ... . - 2 2
& (@)(#) = (b(t), u(t)) + (o (1), u(?))
< (1B 12 apey + ol 2Dz ) 18|12 (pepe),

where we used the Holder inequality in the last step. Since PD¢(w) is positive for
any u, we have

()] < 2\/ S22 gy + PDe((0)) = 2/E ) 1),

Using the above equation, we get

1d

S E@)0) < (1BOl2pza + o0l 2oz ) VET@ID),

Let ¢ > 0 be some arbitrary but fixed real number and let A(t) = § +E°(w)(¢). Then

1d

5 AWM < (1B |20 + 100 123(0ize) ) VAW,

Using the fact that 24 /A(t), we have

t ~
AW < VA + [ (1620 + o) 120 ds

TC T .
<VAQ0) + Y] + ; [6(3)]|L2(Dsrayds,
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where we used the bound on ||o(s)|[2(p;ra) from (60). Noting that § > 0 is arbitrary,
we send it to zero to get

VE@D < VE@O + 575 + [ b

and (58) follows by taking the square of above equation.
It remains to show (60). To simplify the calculations, we use following notation:
let € € H1(0) and let

se =€l], eg= é, w(x) = w(x)w(x + €£),
Se(@) = u(t, x + 62 —u(tx) e.

With the above notation and using the expression of —V PD*® from (73), we have for
x e U;

o(t, @) = |-V PD (a(t)) (w:) + VPD"(a(t)) (@)
|2 [ D i meseten) - al@ i SeSe(a) ceds
i I o Voe 1 e(xi 1(V5e5e ¢
< o [ P e Fi(yReSe(m) - ol Fi(FeSe(w)|
2 J())
(62) < W/HI(O) T2 (ot FiRESe() | + [o@)Fi(yReSe(w))) de
Using the fact that 0 < w(x) < 1 and |F{(r)| < C1, where C} is sup, |Fi ()|, we get
o(t, )] < T2,

where J1/2 = 1/Wd le(o) |€|)|£‘ 1/2d§
Taking the L? norm of o(t, ), we get

AC1 Ty 0\
oo = 3 [ lotta)Pas < (<57

Z/dm

i,@,€D D
and thus
llo@®|2(pray < %/22\/@ = %,
€ €
where
(63) C:= 401%/2\/@.

This completes the proof. 0
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3.4. Local instability under radial perturbations. We observe that both
explicit and implicit schemes treated in previous sections show that any increase in
local truncation error is controlled at each time step. From the proofs above (and
the general approximation theory for ODEs), this control is adequate to establish
convergence rates as At — 0. We now comment on a source of error that can grow
with time steps in regions where the strain is large and peridynamic bonds between
material points begin to soften.

We examine the Jacobian matrix of the peridynamic system associated by per-
turbing about a displacement field and seek to understand the stability of the per-
turbation. Suppose the solution is near the displacement field w(x) and let s(t,x) =
u(t, ) — u(x) be the perturbation. We write the associated strain as S(y, x;w) and
S(y,x;s). Expanding the peridynamic force in Taylor series about @ assuming s is
small gives

2 -
awwm=v{/”%wwwmwwma@zaﬂ%
He(x -

d
— VPD (@)(x) + b(t,x) + O(|s|*),
where W¢(S,y —x) = W(S,y — x)/|y — x| and W€ is given by (6).
To recover a local stability formula in terms of a spectral radius we consider local
radial perturbations s with spatially constant strain S(y, «; s) of the form S(y, z; s) =

—6(t)p - e, where p is in R? and s has radial variation about = with s(y) = §(t)u(1 —
|y — |). This delivers the local ODE

8" (t) = AS(t)ps + b,
where the stability matrix A is self-adjoint and given by

2 N T y—x
64 A=—— / ZW(S(y, x;w ® dy
(64) Vd{ He(z) SWIS( ))|y—m\ ly — x|

and

b= —VPD (w)(z) + b(t, z) + O(|s[*).

A stability criterion for the perturbation is obtained by analyzing the linear system
8" (t)p = Ad(t)p. Writing it as a first order system gives

3 () = da(t)m,
O (t)u = Adi(t)p,

where g is a vector in R?. The eigenvalues of A are_real and denoted by Ni,i=1,...,d,
and the associated eigenvectors are denoted by v*. Choosing pu = v* gives

31 (t)o" = da ()0,
Sh(t)v' = \idy (t)v'.
Applying the forward Euler method to this system gives the discrete iterative system
ST = 6F + A,
S8 = N AtoF 4 65,
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The spectral radius of the matrix associated with this iteration is
p= max |1+ At/ A
=1,

It is easy to see that the spectral radius is larger than 1 for any choice of \; and we
conclude local instability for the forward Euler scheme under radial perturbation.
For the implicit scheme given by backward Euler we get the discrete iterative
system
8 = ot — Awss

o8 = N At 4 o5

and

ST 1 —At ][ ok
55*1 T AN 1 sk |-
The spectral radius for the iteration matrix is

1, AtV

0 10

= max
p i=1,...,d

)

where § = 1 — X\;(At)%. If we suppose that the stability matrix A is not negative
definite and there is a A\; > 0, then the spectral radius is larger than one, i.e.,

1 AjAL
e vmag

(65) TESRrE

Thus it follows from (65) that we can have local instability of the backward Euler
scheme for radial perturbations. Inspection of (64) shows the sign of the eigenvalues
of the matrix A depend explicitly on the sign of 92W<(S(y, z;@)). It is shown in [23]
that

(66) ZW(S(y, x;@)) > 0 for [S(y, ;@) < S,
(67) DEWE(S(y, z;w)) < 0 for |S(y, z; )| > S..

From the model we see that bonds are losing stiffness when |S(y, x;w)| > S. and the
points for which A is nonnegative definite correspond to points where (67) holds for
a preponderance of bonds inside the horizon. We conclude noting that both explicit
and implicit schemes treated in previous sections have demonstrated convergence rates
O((CiAt + C4h7 /€?)) as At — 0. However, the results of this section show that the
error can grow with time for this type of radial perturbation.

4. Lipschitz continuity in Hélder norm and existence of a solution. In
this section, we prove Theorems 1, 6, and 2.

4.1. Proof of Theorem 1. Let I = [0,7] be the time domain and let X =
CoY(D; RY) x CY7 (D; RY). Recall that F<(y,t) = (Ff(y,t), F5(y, t)), where Ff(y, t) =
y* and F§(y,t) = —VPD(y') + b(t). Givent € I and y = (y',4?),2z = (2},2?) € X,
we have

||F6(y7t) - Fe(zvt)HX

(68) < ||y2 - Z2||001'Y(D;]Rd) + H_VPDE(yl) + VPDE(Zl)HCOw(D;Rd)'
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Therefore, to prove (11), we need only analyze the second term in the above
inequality. Let w,v € Cy”7(D;R?%); then we have

|-V PD(u) — (—VPD(v)) Hcﬂw(D;Rd)
= sup [~V PD"(u)() ~ (- VPD"(v)(@))]

Go) 4 sup (CYPD(W) + VPD ()(2) - (-VPD'(u) + VPD ())(y)]

z£Y, lz —y|
x,yeD

Note that the force =V PD*(u)(x) can be written as follows:

- VPD (u)(x)
1 — ’ _
T ety /Hf(m) w(m)w(y)J<y€m|)f (ly — 2| S(y, z;u)*)S(y, z; uw) |z — w|dy
- @)l + c€)T(E)F (€] S(a + . aru)?)S (@ + c6 i) 2 d,
e €

where we substituted dsW€ using (6). In the second step, we introduced the change
in the variable y = x + €£.

Let F} : R — R be defined as Fy(S) = f(S?). Then F{(S) = f/(5?%)2S. Using the
definition of F;, we have

F{(/TEIS)
Tl

Because f is assumed to be positive, smooth, and concave, and is bounded far
away, we have following bound on derivatives of Fi:

25f'(l€] 8*) =

(70) sup |Fy(r)| = F|(¥) =: Cy,
(71) sup | Fy'(r)| = max{Fy'(0), F{'(@)} =: Cy,
(72) sup |Fy" (r)| = max{F{" (u2), F}" (i2)} =: Cs,

where 7 is the inflection point of f(r?), i.e., F/(¥) = 0. {0,4} are the maxima of

F{'(r). {u,u} are the maxima of F{’(r). By the chain rule and by considering the

assumption on f, we can show that 7,4, us, us exists and the Cq,Cy, C3 are bounded.

Figures 4, 5, and 6 show the generic graphs of F|(r), F|'(r), and F{"(r), respectively.
The nonlocal force —V PD¢ can be written as

— VPD(u)(x)
1) =2 [ w@la+ &) T(EDF(/TES @ + et msu) S de.
€Wd J H,(0) 6‘5‘ |§|

To simplify the calculations, we use following notation:

u(z) = u(z + €§) — u(z),
u(y) := u(y + €§) — u(y),
(u—v)(z) == u(z) - v(z),
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Fi(r)

=4

F1a. 4. Generic plot of F{(r). |F{(r)| is bounded by |Fy (7).

i (r)

F1G. 5. Generic plot of F|'(r). At £7, F|'(r) = 0. At +4, F|"(r) =0.

and (u — v)(x) is defined similarly to w(x). Also, let
_ £
€]

In what follows, we will come across the integral of type le(O) J(|&]) 1€ dg.

Recall that 0 < J(|€|) < M for all £ € H1(0) and J(|€]) = 0 for & ¢ H;(0). Therefore,
let

= 1
0= — T dE.
(74) Toi= oo [ e g7 de

s=clgl, e

With the notation above, we note that S(z + €€, z;u) = u(z) - e/s. —VPD*® can be
written as
c 2 o 1
(75)  —VPD(u)(z) = — ( )W(w)W(w+€E)J(\€DF1(U($) re/Vs)—
Hi(0

\/gedf.

EWq
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F{'(r)

F1G. 6. Generic plot of F|"(r). At @2 and tag, F|""' =0.

We first estimate the term |-V PD¢(u)(x) — (—VPD(v)(x))| in (69). We then
have

|~V PD*(u)(2) — (~VPD"(v)())

2 w(x)w(x + € (F{(ﬁ(:v)e/\/g)—Fl’({;(w)e/\/g))e
= | /m(o) (mhole +e0) (<D NG d§
2 1 I N - TR

< sup | FY'(r)]

2 1 _
2 / T€)z [i(a) - e/vs = o) e/ V3| de

€EWd H1(0)
2C u(x) — v(x
o) <22 [ el 2Dl
€Wd |JH,(0) €[€]
Here we have used the fact that |w(x)| < 1, and for a vector e such that |e| = 1,

la - e| < |a|] holds and |ae| < |a] holds for all @ € R? a € R. Using the fact that
u,v € Cy7(D;RY), we have

lu(z) —v(z)] _ |[(u—-v)(x+ef) - (u—v)(@)] 1
s (el€l) (elght=
1

< Hu - UHCO‘W(D;Rd) (6 |£|)177'

Substituting the estimate given above, we get

. ) 20y,
(1) |-VPD u)() — (VP () (@) £ =3~ vl oo (pyga:

where Cs is given by (71) and J;_, is given by (74).
We now estimate the second term in (69). To simplify notation, we write @(x, &) =
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w(x)w(x + €€) and with the help of (75), we get

1
|l —y|”

ﬁ* o 06075 < (280 (1 (%) - 7 ()
Bt
<|w—1y|uil/w T€) =

e ((455) i (155)) s (25) (45
(78)

7 [(=VPD*(u) + VPD(v))(x) — (=VPD(u) + VPD(v))(y)|

Cn
><

We analyze the integrand in the above equation. We let H be defined by

so(157)(225) e ((227) - (22|

|z —y|”

H =

Let r:[0,1] x D — R% be defined as

r(l,z) =v(x) +(u(x) — v(x)).
Note Or(l,z)/0l = u(x) — v(x). Using r(I,x), we have

1 / e
(79) F{(ﬁ(fv)‘e/\/g)*F{('D(a:)'e/\/g):/O OF(r(l, = az) V) 4
(80) _ /O " OF|(r-e/V5) dr(l,x)

or Ir=r(te) - ol di-

Similarly, we have

$1) Fl(al)-e/v5) - Fo) e/ = [ T ) 0000y,

0
Note that

(s2) ORI EIV iy = Fr0,2) - ¢/V5) .

Combining (80), (81), and (82) gives

! / (6. &)F) (r(l,z) - e/ vV5)(alz) — o())

B \:c—y|'y 0

— (Y, F (r(l,y) - e/Vs)(uly) — v(y))) - \f

W |/ B, O F (r(l,2) - /V3) (@) - 5(x))
G, &) F (r(ly) - e/v/E) (aly) — o(y))di].
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Adding and subtracting w(x, &)F{ (r(l,x) - e/v/s)(u(y) — v(y)), and noting 0 <
C:J(m,&) < 13 gives

yp T [ IR .2 oA ) - o) - at) + 5]l

EET / (@ &)F (r(l.) - e/V3) = 2. O F (r(L.y) - /)
x |a(y) —o(y)|dl
= Hl + HQ.

We estimate H, first. Note that |F}'(r)] < Cy. Since w,v € CJ7(D;RY), it is
easily seen that

[u(z) —v(x) —uly) + v(y)|

<2fu-— "’”co,v(D;Rd)'

z -y’
Therefore, we have
20,
(83) Hl < THU U”CO»'Y(D;Rd)‘

We now estimate Ho. We add and subtract @(z, &)F{ (r(l,y) - e/+/s)) in Ha to
get

H2§H3+H4a
where
me oL E (1, 2) - o/VF) — F(r(1,) - /v la(w) — o(w)]
BECEETICN e v

and

i / (@(@. &) — &y, O)|F{ (r(L,y) - e/v/5))| [uly) — v(y)|dL.

Now we estimate Hs. Since |F}"(r)| < Cs (see (72)), we have

ﬁlﬂ”(r(l,w) ~e/v/s) — F{(r(l,y) - e/V/s)]
;su e lr(l,z) -e—r(ly) - e
S |w—y\'y TP|F ()] NG
gh’(lvm) —r(l,y)|
Vs -yl
G (1 =1|o(=) —v(y)| | ll|a(z) —u(y)|
- \/E( ey Je—yl )

G (o(@) — ()| | [ae) - ay)
&) S\/E( o=y | Je—ul )
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where we have used the fact that |1 — 1| < 1,|| <1, as | € [0, 1]. Also, note that

[u(z) —u(y)|
——~ 7 L9
e —y|” H'“’HCOW(D;W)’
[v(z) — v(y)|
— s 9
z—y H"’HCM(D;RW

[u(y) —v(y)| < s7[lu = vl coq(pipay-

We combine the above estimates with (84) to get

1 Cs
Hs < %% (”u”cOw(D;Rd) + ||v||00w(D;Rd)> 57w — /UHCOJ‘/(D;]Rd)
Cs
(85) = % (el on oy + [l onnpms ) 11 = vllgon (pgay-

Next we estimate Hy. Here we add and subtract w(y)w(x + €€) to get

Hy = ﬁ\% / (@, + &) (w(@) — w(y)) + W)@ + &) — w(y + et))
< [FI(r(Ly) - e/V5)| a(y) — o(y)| dL.

Recalling that w belongs to Cg’W(D;Rd) and in view of the previous estimates, a
straightforward calculation gives

40,
H, < SI/T,YHWHCO’”’(DﬂRd)Hu — V|l co(piray-

Combining (83), (85), and (86) gives

20, 4C5
H < (\/5 + Sl/T,waHCUW(D;Rd)

(86)

Cs
+ = (o omay + 19llcon (o) ) 1 = vl (g

Substituting H in (78) gives
1

W [(=VPD(u) + VPD(v))(z) — (—-VPD(u) + VPD(v))(y)]

2 / 1
<|= J(|€) —=Hd¢
s ) €D T HE

< (4C2J1 n 4CsJ,

) 2= s ”w”CUW(D;Rd)

2C5.J3/9_
= (Il con(izsy + I0llcon o ) ) 1 = vllcon (oga)-

(87) +
We combine (69), (77), and (87), and get
(83)

[=VPD(u) = (=VPD(v))l o

402j1 202j1_ 203j3 9
(P57 4 2B+ ollw) + 325 (s + ollo) ) = ol

<

C1 + Collwllgor + Cs(llullcor + l1vllgo.-)
< e 62+a('y) e o ”u_'UHCO,'H
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where we introduce new constants Cp,Cy,C3. We let a(y) = 0 if v > 1/2, and
a(y) =1/2—~if v <1/2. One can easily verify that, for all v € (0,1] and 0 < e <1,

1 1 1 < 1
max €27 241/2—7 2= [ = 2taly)’
To complete the proof, we combine (88) and (68), and get

Ly + La(wll o + Iyl x + 112]lx)

IF<(0.) — F(2, 1)l < » Iy — 2l x-

This proves the Lipschitz continuity of F€(y,t) on any bounded subset of X. The
bound on F¢(y,t) (see (12)) follows easily from (75). This completes the proof of
Theorem 1.

4.2. Existence of solution in Holder space. In this section, we prove Theo-
rem 2. We begin by proving a local existence theorem. We then show that the local
solution can be continued uniquely in time to recover Theorem 2.

The existence and uniqueness of local solutions is stated in the following theorem.

THEOREM 6 (local existence and uniqueness).  Given X = C57(D;R?) x
CYY(D;RY), and b(t) € Cy7(D;RY), and initial data xo = (ug,ve) € X, we sup-
pose that b(t) is continuous in time over the interval Iy = (=T,T) and satisfies

supser, 0(H)| cos(piray < 00. Then, there exist a time interval I' = (=1",T") C Iy
and unique solution y = (y*,y?) such that y € C*(I'; X) and

t

(89) y(t) = o +/ Fe(y(r),7)dr fortel
0

or, equivalently,

y'(t) = F(y(t), 1), with y(0) = o fort e I,
where y(t) and y'(t) are Lipschitz continuous in time for t € I' C Ij.

To prove Theorem 6, we proceed as follows. We write y(¢t) = (y'(¢),%?(t)) and
lyllx = lly* ()llcon + [ly*(t)llco.r . Define the ball B(0,R) = {y € X : |lyl|x < R}
and choose R > ||zo||x. Let r = R—||zo|| y, and we consider the ball B(xzo,r) defined
by
(90) B(zo,7) ={y € X : |ly — xol|x <r} C B(0, R);
see Figure 7.

To recover the existence and uniqueness we introduce the transformation

t
1) Su)(® =20+ [ (). 7).

0
Introduce 0 < T' < T and the associated set Y (T") of Holder continuous functions
taking values in B(xq,r) for I' = (=T'",T") C Iy = (=T, T). The goal is to find the

appropriate interval I’ = (=T",T") for which S,, maps into the corresponding set
Y (T'). Writing out the transformation with y(t) € Y(T”) gives

(92) 8L (y)(t) = zb + / Y2 (r) dr,

(93) 2 (y)(t) = a3 + / (~VPD (4 () + b(r)) dr,
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and there is a positive constant K = C/e2T*(") (see (12)), independent of y'(t), for
—T" <t <T’, such that the estimation in (93) gives

152, W) () — allcon

1
(94) < <K<1 +—=+ sup IIyl(t)Icm> +  sup IIb(t)Ilcm)T”
€ e(—TrT t )

)

and from (92)

(95) 152, (W) () = zgllcon < sup  [Jy?(t)]|con T
te(=T",T")

We write b = sup,¢, [|b(t)||co.~, and adding (94) and (95) gives the upper bound
1
96) 118 (1)(®) — wollx < (K(l L sup ||y<t>||x) ¥ b):r'.
€ te(=1",T")
Since B(zg,r) C B(0, R) (see 90)), we make the choice T” so that

O 18w®O -alls < ((5(1+ 5+ 8) +0) )7 <r =R~ s,

For this choice we see that

R — ||zol|x
KR+1+2%)+0b

(98) T'<0(R) =
Now it is easily seen that 6(R) is increasing with R > 0 and

(99) Jim 6(R) = .

So given R and ||zo||x we choose T” according to

(100) %R) <T'<0(R),
and set I’ = (=T, T"). We have found the appropriate time domain I’ such that the
transformation Sy, (y)(t) as defined in (91) maps Y (7”) into itself. We now proceed
using standard arguments (see, e.g., [11, Theorem 6.10]) to complete the proof of
existence and uniqueness of solution for given initial data zy over the interval I’ =
(=7, 7).

We now prove Theorem 2. From the proof of Theorem 6 above, we see that
a unique local solution exists over a time domain (—7",7") with @ < T’. Since
0(R) /' 1/K as R / 0o, we can fix a tolerance n > 0 so that [(1/2K) —n] > 0. Then
given any initial condition with bounded Holder norm and b = sup,c(_7, 1 ||b()|[co,
we can choose R sufficiently large so that ||ag||lx < R and 0 < (1/2K)) —n < T".
Thus we can always find local solutions for time intervals (—1”,7") for T’ larger than
[(1/2K) — n] > 0. Therefore, we apply the local existence and uniqueness result to
uniquely continue local solutions up to an arbitrary time interval (=7, T).
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Fia. 7. Geometry.

5. Limit behavior of H6lder solutions in the limit of vanishing nonlocal-
ity. In this section, we consider the behavior of bounded Hélder continuous solutions
as the peridynamic horizon tends to zero. We find that the solutions converge to a
limiting sharp fracture evolution with bounded Griffith’s fracture energy and satisfy
the linear elastic wave equation away from the fracture set. We look at a subset of
Holder solutions that are differentiable in the spatial variables to show that sharp
fracture evolutions can be approached by spatially smooth evolutions in the limit of
vanishing nonlocality. As e approaches zero, derivatives can become large but must
localize to surfaces across which the limiting evolution jumps.

We consider a sequence of peridynamic horizons ¢, = 1/k, k = 1,..., and the
associated Holder continuous solutions u* (¢, ) of the peridynamic initial value prob-
lem (1), (2), and (3). We assume that the initial conditions ug®, vy" have uniformly
bounded peridynamic energy and mean square initial velocity given by

sup PD*(ug*) < oo and  sup||vg*|[p2(pray < 00.
€k €k

Moreover, we suppose that ug®, vg" are differentiable on D and that they converge in
L?(D;R) to uf, vy with bounded Griffith’s free energy given by
/ 2ulEu? + N|div ud|? dr + gCHd_l(Jug) < C < oo,
D

where Jug denotes an initial fracture surface given by the jumps in the initial defor-

mation uJ and H2(Ju0(t)) is its 2 dimensional Hausdorff measure of the jump set.
Here Euy) is the elastic strain and divu§ = Tr(Eu]). The constants u, A are given by
the explicit formulas

and
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where f/(0) and fo are defined by (7). Here p = A and is a consequence of the central
force model used in cohesive dynamics. Last we suppose as in [23] that the solutions
are uniformly bounded, i.e.,

sup sup ||[u (¢)|| g (pre) < 00.
€x [0,T]

The Hélder solutions u®* (¢, z) naturally belong to L?(D;R?) for all ¢ € [0, T and
we can directly apply the Gronwall inequality (equation (6.9) of [23]) together with
Theorems 6.2 and 6.4 of [23] to conclude similarly to Theorems 5.1 and 5.2 of [23]
that there are at least one “cluster point” u®(t,x) belonging to C([0,T]; L?(D;R%))
and a subsequence, also denoted by u (¢, ), for which

Jim max {{lu (6) = w2 (pma } = 0.
Moreover, it follows from [23] that the limit evolution u’(¢, ) has a weak derivative
u)(t, ) belonging to L2([0, T| x D; R?). For each time t € [0, T] we can apply methods
outlined in [23] to find that the cluster point u°(, ) is a special function of bounded
deformation (see [4] and [5]) and has bounded linear elastic fracture energy given by

/ 20|Eu(£)[2 + Aldivul (£)|2 dz + G H2 (Juor) < C
D

for 0 <t < T, where Jyo() denotes the evolving fracture surface. The deforma-
tion crack set pair (u’(t), Jyo()) records the brittle fracture evolution of the limit
dynamics.

Arguments identical to [23] show that away from sets where |S(y, x;u)| > S,
the limit u° satisfies the linear elastic wave equation. This is stated as follows: Fix
0 >0, and for €, < 0 and 0 <t < T consider the open set D’ C D for which points x
in D" and y for which |y — x| < €, satisfy

|S(y, z;u™(1))] < Sc(y, ).

Then the limit evolution u’(t, ) evolves elastodynamically on D’ and is governed
by the balance of linear momentum expressed by the Navier-Lamé equations on the
domain [0,T] x D’ given by

ul,(t) = dive(t) + b(t) on [0,T] x D',
where the stress tensor o is given by
o = \;Tr(Eu®) + 2ucu’,

where I, is the identity on R? and T (€ u®) is the trace of the strain. Here the second
derivative uY, is the time derivative in the sense of distributions of u?, and dive is the
divergence of the stress tensor o in the distributional sense. This shows that sharp
fracture evolutions can be approached by spatially smooth evolutions in the limit of
vanishing nonlocality.

6. Conclusions. In this article, we have presented a numerical analysis for a
class of nonlinear nonlocal peridynamic models. We have shown that the convergence
rate applies, even when the fields do not have well-defined spatial derivatives. We
treat the forward Euler scheme as well as the general implicit single step method.
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The convergence rate is found to be the same for both schemes and is given by
C(At+h/€%). Here the constant C' depends on € and Holder and the L? norm of the
solution and its time derivatives. The Lipschitz property of the nonlocal, nonlinear
force together with boundedness of the nonlocal kernel plays an important role. It
ensures that the error in the nonlocal force remains bounded when replacing the exact
solution with its approximation. This, in turn, implies that even in the presence of
mechanical instabilities the global approximation error remains controlled by the local
truncation error in space and time.

Taking v = 1, a straightforward estimate of (38) using (12) gives to leading order

(101) sup  E* < [C1AtC, + Coh sup ||U||0071(D;R3) ,
0<k<T/At o<t<T

where C; is independent of € and depends explicitly on the L? norms of time derivatives
of the solution; see (37) and

Cr=exp [T(1+6C/*)]| T,

Cy =exp [T(1+6C/e*)] T (1 + \/50(1 + 1) + 4§C> :

It is evident that the exponential factor could be large. However, we can choose
times T for which the effects of the exponential factor can be diminished and C}
and Cy are not too large. To fix these ideas, we consider a 1 cubic meter sample
and a corresponding 1400 meter per second shear wave speed. This wave speed is
characteristic of plexiglass. Then the time for a shear wave to traverse the sample is
718 p-seconds. This is the characteristic time T and a fracture experiment can last a
few hundred p-seconds. The actual time in pg-seconds of a fracture simulation is given
by TT* where T is the nondimensional simulation time. The dimensionless constant
C is 1.19, and we take ¢ = 1/10 and dimensionless body force unity. For a simulation
cycle of length TT* = 1.5u-seconds the constants Cy and Cs in (101) are 0.0193 and
7.976, respectively. The solution after cycle time 7" can be used as initial conditions
for a subsequent run and the process can be iterated. Unfortunately, these estimates
predict a total simulation time of 15u-second before the relative error becomes greater
than one even for a large number of spatial degrees of freedom. We point out that
because the constants in the a priori bound are necessarily pessimistic, the predicted
simulation time is an order of magnitude below what is seen in the experiment. Future
work will focus on a posteriori estimates for simulations and adaptive implementations
of the finite difference scheme.

In conclusion, the analysis shows that the method is stable, and one can con-
trol the error by choosing the time step and spatial discretization sufficiently small.
However, errors do accumulate with time steps and this limits the time interval for
simulation. We have identified local perturbations for which the error accumulates
with the time step for the implicit Euler method. These unstable local perturbations
correspond to regions for which a preponderance of bonds are in the softening regime.
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