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ABSTRACT. In this work we estimate the convergence rate for time stepping
schemes applied to nonlocal dynamic fracture modeling. Here we use the non-
local formulation given by the bond based peridynamic equation of motion.
We begin by establishing the existence of H? peridynamic solutions over any
finite time interval. For this model the gradients can become large and steep
slopes appear and localize when the non-locality of the model tends to zero. In
this treatment spatial approximation by finite elements are used. We consider
the central-difference scheme for time discretization and linear finite elements
for discretization in the spatial variable. The fully discrete scheme is shown
to converge to the actual H? solution in the mean square norm at the rate
Ci At + Csh2/52. Here h is the mesh size, € is the length scale of nonlocal
interaction and At is the time step. The constants Ct and Cs are independent
of At, and h. In the absence of nonlinearity a CFL like condition for the energy
stability of the central difference time discretization scheme is developed. As
an example we consider Plexiglass and compute constants in the a-priori error
bound.

1. Introduction. In this article we consider non local models for dynamic crack
propagation in solids. We focus on the peridynamic bond based formulation intro-
duced in [37]. The basic idea is to redefine the strain in terms of the difference
quotients of the displacement field and allow for nonlocal interaction within some
finite horizon. The formulation has a natural length scale given by the size of the
horizon. The force at any given material point is computed by considering the
deformation of all neighboring material points within a radius given by the size of
horizon. Here we examine the finite element approximation to the nonlinear non-
local model proposed and examined in [27, 28]. One of the important aspects of
this model is the that as the size of the horizon goes to zero the model behaves
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as if it is a linear elastic model away from the crack set and has bounded Griffith
fracture energy [27, 28]. Therefore in the limit the model not only converges to
the local elastic model in regions with small deformation but also has finite Griffith
fracture energy associated with a sharp fracture set. The nonlinear potential can be
calibrated so that it gives the same fracture toughness as in Linear Elastic Fracture
Mechanics models. The force potential used in this model is a smooth version of
the prototypical micro elastic brittle bond model introduced in [37]. Further, the
slope of the nonlinear force for small strain (as we show in Section 2) is controlled
by elastic constant of the material.

Earlier work shows that the linear peridynamic model converges to the linear
elastic model, when the nonlocal length scale goes to zero, this is seen in the con-
vergence of the integral operators to the differential operators, see [14], [38], [2].
More fundamentally the convergence of linear peridynamics to local elasticity in
the sense of solution operators is shown in [34]. Aspects of crack propagation using
the peridynamics model has been considered extensively, see for example [36], [5],
[21], [1], [18], [11], [22], [30]. Theoretical analysis of peridynamics models are carried
out in [27], [33], [28], [15], [13], [14], [17], [3], [9], [32], [31], [12]. Dynamic phase
transformations described by peridynamic theory has been proposed and analyzed
n [10]. For thin plates and shells, the peridynamic model is developed and applied
in [35, 26, 39].

In this work, we consider the spatial discretization given by the finite element
approximation associated with linear conforming elements. Here the potential used
to compute the force between points is of double well type. One well corresponds
to linear elastic deformation and is zero for zero strain and other corresponds to
material rupture and has a well at infinity. To proceed we first show the existence of
evolutions described by the twice differentiable time dependent displacement field
taking values in H?(D;R%) N HE(D;R?), see Theorem 3.2. In Theorem 3.3, we
show that the peridynamic evolution can have improved differentiability in time
when body forces satisfy differentiability in time. We next address the stability of
semi-discrete approximation for the nonlinear model and show that the evolution
is energetically stable, see Theorem 4.1. We then consider the linearization of the
nonlinear model and provide a stability analysis of the fully discrete approximation.
Here we follow [25] and [20] to obtain a stability condition on At for the linearized
model, see Theorem 5.4. The rationale is that for small strains the material behaves
like a linear elastic material. Related work for linear local elastic models establish
stability of the general Newmark time discretization [4], [19], [25]. This behavior is
shown to persist for nonlocal models in [20], using techniques in [4], [19], [25]. For
the nonlinear model we establish a Lax Richtmyer stability, see Lemma 5.3 and 51.

The primary contribution of this paper is the approximation of twice differen-
tiable in time peridynamic evolutions taking values in H2(D; R)NH}(D; R?). Here
the spatial approximation is given by linear conforming elements. The time step-
ping approximation with linear finite element approximation in the spatial variables
converges to the actual solution in the mean square norm at the rate C; At+Csh? /€2
where h is the mesh size, € is the size of nonlocal interaction and At is the time
step, see Theorem 5.1. The constant C} is independent of At and h and depends
on the L? norm of the time derivatives of the exact solution. The constant C, is
also independent of At, and h and depends on the H? norm of the exact solution.
We assess the impact of the constants appearing in Theorem 5.1 for evolution times
seen in fracture experiments in Section 6.
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Related recent work, [23], addresses the finite difference approximation of Holder
space C%7(D;R?) valued peridynamic evolutions with Hélder exponent « € (0, 1].
A convergence rate of C;At + Csh7/e? is demonstrated. The constant C; depends
on the L? norm of the time derivative of the exact solution and the constant C,
depends on the Holder norm of the exact solution and the Lipschitz constant of
peridynamic force. It is clear from these estimates that the rate of convergence for
the approximation improves with the differentiability of the solution. Our results
show that the convergence rate is an order of magnitude better for finite element
approximations (in space) of H2(D; R?)NH}(D; R?) valued peridynamic evolutions
than finite difference approximations (in space) of Holder space valued peridynamic
evolutions.

The organization of article is as follows: In Section 2, we introduce the class
of nonlocal nonlinear potentials used in this article. We establish the existence
of H*(D;R%) N H}(D;R?) solutions in Section 3. In Section 4 we describe the
finite element approximation and establish energy stability for the semi-discrete in
time approximation. In Section 5 we consider the central in time discretization
and describe the convergence rate of the FEM approximation to the true solution.
We establish a CFL like criterion on the time step for stability of the linearized
model. We discuss the convergence rate and the associated a-priori error over time
scales seen in fracture experiments, see Section 6. We provide concluding remarks
addressing the existence of asymptotically compatible schemes in the context of
fracture, see Section 7. The proof of claims are given in Appendix A.

2. Class of bond-based nonlinear potentials. In this section, we present the
nonlinear nonlocal model. Let D C RY, for d = 2,3 be the material domain with
characteristic length-scale of unity. To fix ideas D is assumed to be an open set
with C' boundary. Every material point z € D interacts nonlocally with all other
material points inside a horizon of length € € (0,1). Let H.(z) be the ball of radius
€ centered at x containing all points y that interact with x. After deformation the
material point z assumes position z = x + u(x). The deformation z is given by
z(z) = u(x) + x where u is the displacement field. The strain between two points x
and y inside D is given by

_ lzly) —2(z)| — |y — 2|
5= ly — x| ' M

In this treatment we assume infinitesimal displacements u(z) so the deformed con-
figuration is the same as the reference configuration and on linearizing the strain is
given by

u(y) —u(@) y-—=
ly—x  Jy—al

S =5y, z;u) =

We let t denote time and the displacement field u(t,z) evolves according to a
nonlocal version of Cauchy’s equations of motion for a continuum body

pOiu(t, r) = L(u(t))(x) + b(t, @) (2)

for all x € D. Here the body force applied to the domain D can evolve with time
and is denoted by b(¢,z). Without loss of generality, we will assume p = 1. The
peridynamic force denoted by £¢(u)(z) is given by summing up all forces acting on
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2

elwy

L (u)(x) =

ly — z|

/ aswe(s,y—fl]) A dy7
He(x)

where 0gW€ is the force exerted on x by y and is given by the derivative of the
nonlocal two point potential W€(S, y—x) with respect to the strain and wy is volume
of unit ball in dimension d.

Let 0D be the boundary of material domain D. The Dirichlet boundary condition
on u is

u(t,z) =0  VxeoD,vte0,T] (3)
and the initial condition is
u(0,2) = up(x) and (0, z) = vo(x), Vo € D. (4)

The initial data and solution u(t,z) are extended by 0 outside D. We remark that
traction boundary conditions can be introduced in the nonlocal context by prescrib-
ing a body force along a boundary layer of width € and allowing the displacement
to be free there.

Define the energy £¢(u)(t) to be the sum of kinetic and potential energy and is
given by

E(u)(t) = %Ilu(t)II%z + PD*(u(?)). (5)

where potential energy PD¢ is given by

“(u) = 1 —z|We(S(u),y —x T
PD(u)—/D[ /HM” We(S(u),y — 2)dy| dr.

elwy

Using the definition of £¢ in 5, one easily sees that
d .. R ¢ .
& (W) = (a(t), a(t) — (£ (u(t), u(t))- (6)

2.1. Nonlocal potential. We now describe the nonlocal potential. We consider

potentials W€ of the form

J(ly — =)
ely — x|

where f : Rt — R is assumed to be positive, smooth, and concave with following

properties

WS,y —z) = w(z)w(y) flly — z]8?), (7)

lim f(r) = 1'(0), lim f(r) = foo < 00. (8)

r—0t T T—00

The peridynamic force L€ is written as

: / w(@)o() Ty — 2 (g — 2SS (Wey—sdy,  (9)
H.(x)

L (u)(z) = m

where we used the notation S(u) = S(y,x;u) and e,_, = ﬁ
The function J¢(|y — z|) models the influence of separation between points y and
x. Here J(ly — z|) = J(|ly — z|/€) can be piecewise smooth and we define J to be
zero outside the ball {¢: || < 1} = H1(0) and 0 < J(|¢]|) < M for all £ € H,(0).
The boundary function w(x) is nonnegative and takes the value 1 for points z
inside D of distance € away from the boundary dD. Inside the boundary layer of

width e the function w(z) smoothly decreases from 1 to 0 taking the value 0 on dD.
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FIGURE 1. Two-point potential W€(S, y—x) as a function of strain
S for fixed y — x.

In the sequel we will set

we(z) = w()w(z + €) (10)
and we assume
|Vag| < Cyp, <00 and  |V3@¢| < O, < 0.

The potential described in 7 gives the convex-concave dependence, see Figure 1,
of W(S,y — x) on the strain S for fixed y — x. Initially the deformation is elastic
for small strains and then softens as the strain becomes larger. The critical strain
where the force between z and y begins to soften is given by S.(y,x) :=7/+/|y — x|
and the force decreases monotonically for

1S(y, z5u)| > Se. (11)
Here 7 is the inflection point of r — f(7?) and is the root of following equation
fr?) + 22 (%) = 0. (12)

In Theorem 5.2 of [28], it is shown that in the limit e — 0, the peridynamics
solution has bounded linear elastic fracture energy, provided the initial data (ug,vo)
has bounded linear elastic fracture energy and ug is bounded. The elastic constant
(Lamé constant A and p) and energy release rate of the limiting energy is given by

2wg—1

A= M= Cdf/(O)Md7 gc = foon

wd

where My = fol J(r)rddr and fo = lim, o f(r). Cq =2/3,1/4,1/5 ford =1,2,3
respectively and w, = 1,2,7,47/3 for n = 0,1,2,3. Therefore, f'(0) and f are
determined by the Lamé constant A and fracture toughness G..

3. Existence of solutions in H? N H}. We consider function space W given by

W = H*(D;RY) N H}(D;R%) = {v € H*(D;R%) : yv = 0, on dD}, (13)
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OsWe(S,y — x)
A

FIGURE 2. Nonlocal force dgW*€(S,y — z) as a function of strain
S for fixed y — x. Second derivative of W¢(S,y — x) is zero at

+7/v/|y — |

where v is the trace of function v on the boundary 9D. Norm on W is H2(D;R?)
norm. In this section, we show that for suitable initial condition and body force
solutions of peridynamic equation exist in W. We will assume that v € W is
extended by zero outside D.

We note the following Sobolev embedding properties of H?(D;R%) when D is a
C' domain.

e From Theorem 2.72 of [16], there exists a constant C,, independent of u €
H?(D;R%) such that

[|ull Lo (psray < Cel|ull g2 (piray- (14)
e Further application of standard embedding theorems (e.g., Theorem 2.72 of
[16]), shows there exists a constant C., independent of u such that
[[Vul|Lo(praxdy < Ce,||Vull g1 (praxay < Ceyllul| g2 (pirays (15)
for any ¢ such that 2 < g < oo when d =2 and 2 < ¢ < 6 when d = 3.

In what follows, we first state the Lipschitz continuity property for £¢(u). We
then state the existence theorem for solutions over finite time intervals. These are
proved in Appendix A. We now write the peridynamic evolution equation as an
equivalent first order system with y1(¢) = u(t) and yo(t) = v(t) with v(¢) = u(t).
Let y = (y1,52)" where y1,y2 € W and let F*(y,t) = (Ff(y,t), F5(y,t))" such that

Fi(y,t) :==y2, (16)
Fy(y,t) :== L(y1) + b(t). (17)

The initial boundary value problem is equivalent to the initial boundary value prob-
lem for the first order system given by

y(t) = F(y,1), (18)

with initial condition given by y(0) = (ug,vo)T € W x W. Recall that we denote
the norm on H?(D;R?) as || - ||2.
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Theorem 3.1. Lipschitz continuity of the peridynamic force For any u,v €
W, we have

1£°(u) = L(v)]2

< Li+ Lo(l[ulla + [lv]]2) + La(l[ull2 + [[v]]2)?
- 3
€

[lu = vlf2 (19)

where constants Ly, Ly, L3 are independent of €, u, and v, and are defined in 129.
Also, for u e W, we have

< Lallullz + Ls|[u][3
= €5/2 )

£ (w)]]2

(20)
where constants are independent of € and u and are defined in 138.

In Theorem 6.1 of [28], the Lipschitz property of the peridynamic force is shown
in L?(D;R?) and is given by

L
1£°(u) = L()]| < E%IIU — vl Yu,ve L*(D;RY), (21)

with Ly given by 100.
We state the theorem which shows the existence and uniqueness of solution in
any given finite time interval Iy = (=T, T).

Theorem 3.2. Existence and uniqueness of solutions over finite time in-
tervals For any initial condition xg € X = W x W, time interval Iy = (=T,T),
and right hand side b(t) continuous in time for t € Iy such that b(t) satisfies
supyer, ||b(t)||2 < 0o, there is a unique solution y(t) € C*(Io; X) of

y(t) = 70 + / Fe(y(r), 7) dr,

or equivalently
y'(t) = F(y(t), 1), with y(0) = o,

where y(t) and y'(t) are Lipschitz continuous in time for t € Iy.

It is found that the peridynamic evolutions have higher regularity in time for
body forces that are differentiable in time. We now state the higher temporal
regularity for peridynamic evolutions.

Theorem 3.3. Higher regularity Suppose the initial data and righthand side
b(t) satisfy the hypothesis of Theorem 3.2 and suppose further that b(t) exists and
is continuous in time for t € Iy and sup,cy, ||b(t)|]2 < co. Then u € C3(Ip; W) and

C(1 +sup,cy, [[u(s)ll2 + sup,ep, [lu(s)[3)

3
[|Ozeu(t, x)[|2 < 3

sup [[0yu(s)|]2 + [|b(t, )]z,
selp

(22)
where C' is a positive constant independent of u.

The proofs of Theorem 3.1, Theorem 3.2, and Theorem 3.3 are given in Appendix
A. We now discuss the finite element approximation of the peridynamic evolution.
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4. Finite element interpolation. Let V} be given by linear continuous interpo-
lations over tetrahedral or triangular elements 7; where h denotes the size of finite
element mesh. Here we assume the elements are conforming and the finite element
mesh is shape regular and V;, C H}(D;RY).

For a continuous function u on D, Zj,(u) is the continuous piecewise linear inter-
polant on 7. It is given by

Ih (u) = IT (U) VT € 77“ (23)
T

where Z7(u) is the local interpolant defined over finite element T and is given by

n

Ir(u) =Y ulz:)éi. (24)

i=1
Here n is the number of vertices in an element T, z; is the position of vertex ¢, and

¢; is the linear interpolant associated to vertex 1.
Application of Theorem 4.4.20 and Remark 4.4.27 in [6] gives

o= Ta()l| < ch®llulla, Vu e W (25)

Let 7, (u) denote the projection of u € W on Vj,. For the L? norm it is defined
as

)l = inf [hu (26)
and satisfies
(rp(u),a) = (u, ), Vi € V. (27)
Since Zj(u) € Vj,, and 25 we see that
l[u—rp(w)|| < ch?||ullz, Yu e W. (28)

4.1. Semi-discrete approximation. Let u(t) € V}, be the approximation of u(t)
which satisfies the following

(iin(t), @) = (L(un(t), @)(b(t),q), Vi € Vj. (29)

We now show that the semi-discrete approximation is stable, i.e. the energy at
time t is bounded by the initial energy and work done by the body force.

Theorem 4.1. Energy stability of the semi-discrete approximation The
semi-discrete scheme is energetically stable and the energy E€(up)(t), defined in 5,
satisfies the following bound

: 2
eun)(®) < [VEI0) + [ Iocr)lor]
0
Proof. Letting @ = up(t) in 29 and applying the identity 6, we get

%Se(u;z)(t) = (b(2), an(8)) < |[o(O)] |[in(D)]]-

We also have

lan (I < 2\/;Ilﬂhll2 + PD<(un(t)) = 2/ E(un)(t)
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where we used the fact that PD¢(u)(¢) is nonnegative and
d
2 & un)(t) < 2/ E<(un)(1) |[b(B)]].

Fix 6 > 0 and let A(t) = E(un(t)) + 6. Then from the equation above we easily
see that

d 1L A(t)

—A(t) < 24/A(t) ||b(t = & <|b@®)|].

A0 2VAVPOI = 3525 < o)
Noting that \/ﬁ d‘;(tt) = 2% a(t), integrating from ¢ = 0 to 7 and relabeling 7 as
t, we get

t
VAWD < VAD) + [ 1ol

Letting § — 0 and taking the square of both side proves the claim. O

5. Central difference in time discretization paired with the finite element
spatial discretization. We consider the central difference approximation scheme
in time paired with the finite element approximation in space. We present the
convergence rate for this fully discrete approximation to this nonlinear and nonlocal
problem. We conclude with a discussion of the linearized peridynamic evolution and
a demonstration of CFL like conditions for stability of the fully discrete scheme.

Let At be the time step. The exact solution at t* = kAt (or time step k) is
denoted as (u”,v¥), with v* = 9u¥/0t, and the projection onto Vj, at t* is given by
(7 (u®), 7, (v*)). The solution of the discrete problem at time step & is denoted as
(u,, vF)-

We first describe the finite element approximation. The initial data for displace-
ment ug and velocity vy are approximated by their projections r(ug) and r(vp).
Let uf) = 74 (ug) and v} = 74 (vg). Let by, denotes the projection of body force b(t*).
The finite element approximation of the peridynamic evolution is given as follows.
For k > 1, (uf,vF) satisfies, for all @ € V,,

h>
k+1 &
U —uy -
( vy h’u> = (vy ™, @),
v;‘i“—w’%_ el kY =~ kE o~
P ) = (£ (), 8) + (0, ). (30)

Combining the two equations delivers the central difference equation for uf. We
have

k+l_2 k k—1
(uh bt u) —(C(ub) @)+ OF, @), VaeVi  (31)
For k = 0, we have Yu € V},
1 0
up —up S\ 1oy - Lo~ Lo -
(Mg ) = L. )+ 50 + 5000 (32

We now study the convergence of FE approximation stated in 30.
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5.1. Convergence of approximation. We show how to establish a uniform bound
on the L? norm of the discretization error and prove that approximate solution con-
verges to the exact solution at the rate CyAt + Csh?/e? for fixed € > 0. We first
compare the exact solution with its projection in V;, and then compare the projec-
tion with approximate solution. We further divide the calculation of error between
projection and approximate solution in two parts, namely consistency analysis and
error analysis.
Error EF is given by

E* = [lup — u(t®)[| + |lvg — v(*)]].
We split the error as follows
BN < ([[u* = ri(uP)[] + [[0F = rn(0)]) + (ufy = ra @]+ [Joy = ra(@)]])

where first term is error between exact solution and projections, and second term
is error between projections and approximate solution. Let

ef(u) :=uf —rp(u®)  and el (v) = vf —rp(0F) (33)
and
e* = [lek ()| + le (V)II- (34)
Using 28, we have
E* < Cyh? + ¥, (35)
where
ou(t)

Cp:=c sup [Ju()|]2 + sup I (36)

ot ||2

We have following main result

Theorem 5.1. Convergence of the fully discrete approximation with re-
spect to the L?> norm. Let (u,v) be the exact solution of the peridynamics equation
in 2. For the k*" time step (u’,f”v;f) are the FE approzimate solution of 31 and 32.
If u,v € C*([0,T); W), then the scheme is consistent and the error E* satisfies
following bound

sup E*
k<T/At

= O h2 + exp[T(1 + L1 /é)(

: _1At)] [eo + (1 _TAt> <CtAt+ CSIZE)] (37)

where the constants Cy,, Cy, and Cs are given by 56 and /7. Here the constant Ly /€
is the Lipschitz constant of L(u) in L?, see 21 and 100. If the error in initial data
is zero then E¥ is of the order of CyAt + Csh?/é2.

Theorem 3.3 shows that u, v € C?([0, T]; W) for right hand side b € C*([0, T]; W).
In Section 6 we discuss the behavior of the exponential constant appearing in Theo-
rem 5.1 for evolution times seen in fracture experiments. Since we are approximating
the solution of an ODE on a Banach space the proof of Theorem 5.1 will follow from
the Lipschitz continuity of the force £¢(u) with respect to the L? norm. The proof
is given in the following two sections.
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5.1.1. Truncation error analysis and consistency. We derive the equation for evo-
lution of e (u) as follows

(uﬁ-i-l _ uﬁ Th(uk+1) _ Th(uk) ﬂ)
b

At At
rp(uFt) — rp (uF
- (A )
= (ot a) = (ra (W), @) + (ra(V* ), @) — (V5T @)
uk+l
+ (o*H @) — (af)t ,ﬂ)

ouk+l kL gk
+< ot u>_< At u)

ubtl — ok R (uFtY) — rp (uF)
+( At u)_( At u)

Qu(*thy k41

Using property (r4(u), %) = (u, %) for & € V3 and the fact that ~—5— = v
where u is the exact solution, we get

(W@) = (e (v), @) + (81?1,11) - (W“) - (38)

Let (7f(u), 7F(v)) be the truncation error in the time discretization given by

Ouk+l  yEt ok

) = S - (39)
UL (10

With the above notation, we have
(eh ™ (u), @) = (ef(u), @) + At(ey ™ (v), @) + At(y (u), 7). (41)

We now derive the equation for ef (v) as follows

<U}I§+1 _ U;i Th(UkJrl) _ T}L(Uk) a)

At At ’

LS L rp (VR — (V%)
+( At ”)‘(h N ’0
= (L (up) = L(uh), @) + (b, = b(t*), @)
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N @ 2\ phtl gk 2 . pRtl gk 2) Th(vkﬂ)—rh(vk) -
ot’ At At At ’
ovk Rtk
_ e kY _ per kY ~ Y ~

where we used the property of r,(u) and the fact that

k
@)+ 040 - (Gra) =0, vae.

We further divide the error in the peridynamics force as follows
(£(up) — L"), @)
= (L (up) = L(rp(u®)), @) + (L(rp(u®)) — £ (u¥), @) .
We will see in next section that second term is related to the truncation error in the

spatial discretization. Therefore, we define another truncation error term 0'567., n (1)
as follows

of () = L(rp(ub)) — L£E(u). (42)

per,h
After substituting the notations related to truncation errors, we get
(ep ™ (v), @) = (e (v), @) + AL (up) — L(rn(u")), @)
+ ATy (), @) + At(0pey (1), ). (43)

When u,v are C? in time, we easily see

0%u 0%v
k k
Il < Atsupl| 51 and (i) < Atsup 57
Here u and v are C? in time for differentiable in time body forces as stated in
Theorem 3.3 and Theorem A.3.
To estimate oker) , (1), we note the Lipschitz property of the peridynamics force

P
in L? norm, see 21. This leads us to
Ll Llc
[|opern ()] < ?QHU’C —ra(u®)]| < 6—2112 Slip||u(t)||2~ (44)

We now state the consistency of this approach.

Lemma 5.2. Consistency Let T be given by
7= sup (73 @)1+ [ )] + llopern @]) - (45)

then the approach is consistent in that

h2
€
where
2 2
Cormsull S+ sl G2l and €= Leswplu®)lla. (47
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5.1.2. Stability analysis. In equation for ef (u), see 41, we take @ = eZ+1(u). Note
that e} ™ (u) = uff — ry(u¥) € V3. We have

lleh ™ ()[* = (e (w), e (w) + At(ey (v), 5™ () + A7 (u), e (u)),

and we get
llen™ @II* < llen (@)l [leh™ @)l| + Atlley™ )] [leh™ @)l| + Atlly (w)]] len™ (w)]]-

Canceling ||ef*(u)|| from both sides gives
lleh ™ ()] < lleh ()] + Atllep ™ (v)]] + At||75 (w)]]- (48)

Similarly, if we choose @ = eflﬂ(v) in 43, and use the steps similar to above, we
get

ek ™ (1 < e @)1+ At1L (up) = L£(rn ()]

+ At (|l I+ lloper s (wl) - (49)
Using the Lipschitz property of the peridynamics force in L?, we have
; ; - L , Ly ok
[1£°(ub) = £(rn (@O < Fllup = ra(@)]] = Zlleh @]l (50)

After adding 48 and 49, and substituting 50, we get
L
llen™ (| + [ler ™ )] < ller (Il + llex ()] + Atlley ™ (0)] + G%Atlleli(U)ll + Atr

where 7 is defined in 46.
Let € := ||ef (u)]| + ||e¥ (v)||. Assuming L;/e? > 1, we get

L
eFth < ef + AteFt! + At—zlek + Attt
€

k+1§1+AtL1/626k At I
1—- At 1— At

Substituting for e* recursively in the equation above, we get

14+ AtLy /e2\ F At s (1 + AL /2 \
€k+1§< + 1/6) 60+ Z( + 1/6) -

=e

1- At 1- At 1- At
j=0
Noting (1 + aAt)* < exp[kaAt] < exp[Ta] for a > 0 and
1+AtL1/€2 (1+L1/€2)
— =14 A
1= At oA

we get

1+ AtLy/e2\" T(1+ Ly/€?)
T ) < — =)
( 1- At < expl— 7

Substituting above estimates, we can easily show that

T(1+ Lq/€?) At
k1l < 0
e <exp| T AL ]le +1*At7—j§1
T(1+ Ly/é kAt
< expl 1—A11{ )}[O+1Af]

Finally, we substitute above into 35 to conclude
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Lemma 5.3. Stability

E* < C,h? +exp[M] [60 + hAL } . (51)

1— AL 1— AL

After taking sup over k < T /At and substituting the bound on 7 from Lemma 5.2,
we get the desired result and proof of Theorem 5.1 is complete.

We now consider a stronger notion of stability for the linearized peridynamics
model.

5.2. Linearized peridynamics and energy stability. In this section, we lin-
earize the peridynamics model and obtain a CFL like stability condition. For prob-
lems where strains are small, the stability condition for the linearized model is
expected to apply to the nonlinear model. The slope of peridynamics potential f
is constant for sufficiently small strain and therefore for small strain the nonlinear
model behaves like a linear model. When displacement field is smooth, the dif-
ference between the linearized peridynamics force and the nonlinear peridynamics
force is of the order of €. See Proposition 4 of [24].

For strain far below the critical strain, ie., |S(u)| << S. we expand the integrand
of 9 in a Taylor series about zero to obtain the linearized peridynamic force given
by

4

Li(u)(z) =
The corresponding bilinear form is denoted as aj and is given by

i) = i [ [ @I =D s Ol ISy (53)

We have

/ (@) (ly — ) 0)S(w)ey_ody.  (52)
H.(x)

(‘Cle(u)7 U) = _a’le(ua U)'
We now discuss the stability of the FEM approximation to the linearized problem.
We replace £ by its linearization denoted by £j in 31 and 32. The corresponding
approximate solution in V}, is denoted by uf 5, Where

k41 ko1
wh = 2uly fup, . .
< AL2 7u> (L5 (ugy), @) + (by, @), Vu € Vy (54)

and
wl — 0 1 1 1
<M,ﬂ> = §(£f(uah),ﬂ) + AL (0p, @) + 5(b2,ﬂ), V€ Vi (55)

We will adopt following notations

k+1 k—1
kgl fuy g up 4oy
u = 7, uy =
2 2
k+1 k—1 k+1 k k k—1
ok = Un U gk Un Uh Gk = Yh T Un (56)
h N At bR At

With above notations, we have

5 @'ui + 5}: uﬁ HZ‘H *ﬁ
uy = = .
th 2 At
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We also define
uZ‘H —2uk + ufl_l 5t+u§ - 5t_uﬁ
INE - At
We introduce the discrete energy associated with uf ,, at time step k as defined by

3 .2k
8ttuh =

1], - At? - = (k1 —
5(“5,;;) = ) ||at+u§€,h|‘2 - Tal (6t+ufhvat+ufh) +aq (Uﬁl#ﬁrl)
Following [Theorem 4.1, [25]], we have

Theorem 5.4. Energy Stability of the Central difference approximation

of linearized peridynamics Let uf  be the approzimate solution of 54 and 55

with respect to linearized peridynamics. In the absence of body force b(t) = 0 for all
t, if At satisfies the CFL like condition

Aiﬂ sup aj (u, u)

4 ueVy\{0} (u’u>

<1, (57)

The discrete energy is positive and we have the stability
E(ufy) = E(ugy ). (58)

Proof. Set l_)(t) = 0. Noting that aj is bilinear, after adding and subtracting term
(At2/4)al€(8ttufh,7l) to 54, and noting following

AL TRl gk

k k 1,h Uy p
u'y, + —0uupy, = —— + —=—
1,h 4 dettn 9 9
we get
_ AR . 1 k-
(8ttuf,h, U) — Taf(attuﬁh,u) + 50,[6('“;61;1 + uﬁh,u) =0.

We let @ = dyuy ), to write

- - A2 - 1. 4 k=
(8ttug€,h; atuﬁh) - Taf(attuﬁh, ('9tuf7h) + iaf(ulﬁl + Uﬁh, c')tuﬁh) =0.

It is easily shown that

Stk 5- kot k 5— .k
O upp — Oy wily, O uiy + 0, ul,h) 1

(Buctl Brufn) = ( et B a7 195 uball® = 1107 bl

and

5 .k 3.k A+, k A+, .k a—.k 7—. k
aze(att“z,hvat“z,h) = IAL [ale(azrul,hvajul,h) —aj(0; ul,haat ul,h)] .

Noting that étufh =@t - ﬂﬁh)/At, we get

1
e(—k+1l | —k —k+1 —k
a; (u +uy,,u —u
2AL l( 1,h IN RN l,h)
: {
_ €(k+1 —k+1 e~k —k }
= aj (u U —ai(u);,,u .
AL l( I,h %,k ) l( 1,h> l,h)

After combining the above equations, we get
L (L 5+ k A oy Atk Lokl —kt1
At {<2||3?Ul,h|2 - ?ale(at—‘rul,hva:—ul,h) + gaf(ul,;{ 7ul,;§ )

1 - A2 = 1o v —
~ (G000 bl = S aiOr ubin 0 ud) + aiCateat)

)
)

} =0. (59
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We recognize the first term in bracket as £ (ugC n)- We next prove that the second
term is 8(ul »1). We substitute k = k — 1 in the definition of E(Uf,h), to get

At?
k— k.
g(uz,hl) ||8+ ||2 e (8+u1 hla 3+ul h ) + af(uﬁh,ufh)
B B R
We clearly have 8+ul = A = 0; ul p and this implies that the second

term in 59 is S(ul »1). It now follows from 59, that E(Ul n) = E(Ufhl).

We now establish the positivity of the discrete energy & (ul7 ). To do this we
derive a condition on the time step that insures the sum of the first two terms is
positive and the positivity of €(uﬁh) will follow. Let v = B;Fuﬁh € V, then we
require

At? At? af(v,v)
2 € > 1\ <1
HUH 4 al(’l},’l)) et 0 4 HU”Q = (60)

Clearly if At satisfies
ar (v, v)

sup

a(v.v) (61)
4 veVy\{0} HUHQ

then 60 is also satisfied and the discrete energy is positive. Iteration gives & (ufc )
& (u? ») and the theorem is proved.

0ol

6. Estimates on error accumulation in numerical simulations. The peridy-
namic equation analyzed so far is assumed to be nondimensional. In this section
we show how to apply the a-priori error bound obtained for nondimensional peridy-
namic equation to peridynamic equation for the material constants characterizing
Plexiglass. In this section we will assume a two dimensional problem to fix ideas.
Let D is the material domain with characteristic length scale L and let = € D
are coordinates with dimensions of length. The final simulation time is T is ex-
pressed in units of time and £ € [0,T]. Let € denote the size of horizon with units
of length. The displacement field is @(Z, ) and has units of length. The influence
function J(€) = a(1—¢) is a non dimensional function of £ = |7 — | /€ with specified
constant a > 0. We set the boundary function w = 1 and body force b = 0.

The nonlinear peridynamic force is given in terms of potential function f. We
let f(7) = C(1 —exp[—f37]) where 7 has units of length, C' has units of force/length,
and § has units of 1/length. Let the bulk modulus K, density p, and critical energy
release rate G correspond to Plexiglass at room temperature. Following equations
(5.7) and (5.8) of [28], the parameters C, 3 are given in 2-d by

_ G — A v 2
CZW’ ﬁ:m, M:/o J(s)s“ds, (62)

where w; = 2,wp = 7. Here the Lamé parameter is related to K by A = 3K/5. For
J(s) =a(l —s), M = a/12. Substituting, we have

. 3rG _ 48K
C=—= F=r"7 (63)
and also
- 144
ol (64)
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Displacement field @ satisfies
ponu(t,z) = L(a(t))(z),  ¥(z,f) € D x[0,T]. (65)
The solution % takes the boundary condition #(t) = 0 for all € 9D and the initial

condition @(0) = 1o, u(0) = .

6.1. Nondimensionalization of peridynamic equation. Now we associate a
local wave speed for the peridynamic material and an associated local time scale
given by

Cp L
v = f@ Tp = —. (66)
Vo
The change to non-dimensional variables is given by
T t € u(z, 1)
= — t = — = — t = . 7
x o % € Ty u(z,t) T (67)
From above it is easy to see that S(Z,7,t) = ﬁ(y’g:gl(j’f) . é:; = S(z,y,t). We
write
7=z —y|5 = Lolz —y|S = Lo, (68)
where r = |z — y| S2. The non-dimensional potential function f is related to f by
f(Lor 1 = ~
fy =80 L1 expl-Lofr). (69)

~ Lopvg  Lopug
It is now clear that the dimension of f is the same as Lopvé and therefore f is
non-dimensional. We have,

, f/(L CB 3
() = T2 = 25 expl- o] (10)

Collecting results we now see that the peridynamic equation 65 is equivalent to
the non-dimensional equation of motion 2 with density p =1, i.e.,

ﬁ’l)g 2 _72_6_‘67:6 T) = L’U% “(u T
(52) dhu = ot = cat)@) = (52) (Cuen@, ()
O = L) ). (™)

6.2. Bound on error. The exact solution is in v € H?(D;R?) N H}(D; R?), and
the bound on the spatial discretization error is given by, see 37,

sup B < exp [T(lltLAlz{E?)] 1 —TAt (Cofeh”
< exp [T(1+ L1/e*)] T(Cu/e)h?, (73)
where
L =4CoT, Co=swp 2 f(7)), = o, TED/IEldE w2 = O] =
and

Cs = Lycsup||u(t)|f2-
t

Constant ¢ depends only on the triangulation 7p,.
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For f(r) = +—~~C(1 — exp[—Lofr]) and J(r) = a(1 — &), it can be seen that

Loﬁvg
CQ = —3 Jl = a. (74)
We have C3 = pv3 from 66. So

Ly =—. (75)

The upper bound on error is given by
8a

8a
sup E¥ < exp[(1 + ?Q)T]T?Qch2 sup ||u(t)||2,
k ¢

and the a-priori upper bound on the relative error is denoted by « where

8a 8acTh?

a = exp|(1+ ?2)T] 3 (76)

€
Numerical value of a: We set Ly = 1,e = 1/10,h = 1/100 and we fix a = 0.001

and vy = \/%. We also assume ¢ = 1. The material properties of Plexiglass

at room temperature are given by the density p = 1200 kg/m?, the bulk modulus
K = 25GPa, and the critical energy release rate G = 500 J/m?. We then have

o = exp[1.8T]80 x 107°T. (77)

Here the relative error upper bound « < 1/10 when the non-dimensional time
T < 51%4 = 3.3. Therefore the actual time in seconds of the simulation can be

T =Ty xT < (Lo/vo) x 3.3 =4.26 us.

6.3. Discussion on error accumulation. Fracture in notched Plexiglass samples
can last up to several hundred microseconds. From the previous subsection we see
that error increases by factor 1/10 every 4.26 us for nonlinear peridynamic material.
This gives us about 20 us of simulation time till the a-priori bound on the relative
error is about 1/2.

The simulations are expected to be stable for much larger time because the region
where nonlinearity is strong is restricted to a very small region, with area Ly X 2€ in
2-d for a single crack see [29, 28]. For points in the region away from the crack the
deformation is smooth. We can argue that in this region the material behaves like a
linear elastic material up to a small error of the order of O(€). This has been shown
for this model when the solution is sufficiently smooth and using [Proposition 6,
[24]] we write

L(u)(z) = V- CEu(z) + O(e), (78)
where
gn(x) = 5 (Va(z) + Va(@)"), (79)
0ik0i1 + 0;105
(Cijkl = 2#% + Aéijékl, (80)

£ 1
A=p= %0) /O J(§)§%dg = B, (81)
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where last equation is for d = 2 and for J(§) = a(1 — £). We now observe that for

the non-dimensional function f(r) = + 15 >CO(1 — exp[—LofBr]), f'(0) = 1. Using
0PV
this we can write
erv,n CBa_ - _
L(a)(Z) = =——=V -CEu(x) + O(e), (82)
Ly 48

where C is given by 80 for the choice A = p = 1.
Substituting 78 into 72 we get

_@2 .
LE(u)(z) = ("Ls> V- Céu(z) + O(@), (83)
with
N o) D
Vo = Kﬁ = 5 (84)

where we have used the relation 64 and A = p and vy is the s-wave speed in
Plexiglass.

It follows from 83, that for regions where nonlinearity is negligible then the solu-
tion should be an approximation to the solution of the linear elastic wave equation.
This is shown for smooth solutions in [Theorem 5, [24]] so the total error accumu-
lated at each time step is far less than in the nonlinear region. The error due to the
truly nonlinear peridynamic interaction is restricted to a region of small area 2L€.

7. Conclusions. We have considered a canonical nonlinear peridynamic model
and have shown the existence of a unique H?(D;R%) N H} (D;R%) solution for any
finite time interval. It has been demonstrated that finite element approximation
converges to the exact solution at the rate C; At + CS’:—; for fixed e. The constants
C; and C; are independent of time step At and mesh size h. The constant Cy
depends on the L? norm of the first and second time derivatives of the solution.
The constant C depends on the H2 norm of the solution. A stability condition for
the length of time step has been obtained for the linearized peridynamic model. It
is expected that this stability condition is also in force for the nonlinear model in
regions where the deformation is sufficiently small.

We have described the connection between the non-dimensionalized dynamics
used in the a-priori convergence analysis and the simulated dynamics using dimen-
sional quantities. The numerics are carried out for Plexiglass. The a-priori estimates
predict a simulation time of a few microseconds before the relative error grows too
large. However, due to the fact that the nonlinearity is isolated on a set of small
area related to the crack set, the simulation is expected to be stable for much longer
time. Away from the crack set the evolution is linearly elastic and characterized
by the shear wave speed of Plexiglass. This observation motivates future work that
will address posteriori error estimation and mesh adaptivity.

We remark that there is a large amount of work regarding asymptotically com-
patible schemes, in which one can pass to the limit ¢ — 0 and retain convergence
of the numerical method, see [40, 8]. Such a scheme may be contemplated only
when the convergence rate to the solution of the limit problem with respect to e
is known. Unfortunately an asymptotically compatible scheme is not yet possible
for the nonlinear nonlocal evolutions treated here because the convergence rate of
solutions with respect to € > 0 is not known. One fundamental barrier to obtain-
ing a rate is that the complete characterization of the ¢ = 0 evolution is not yet
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known. What is known so far is the characterization developed in the earlier work
[27, 28]. Here the evolution u¢ for the nonlinear nonlocal model is shown, on passage
to subsequences, to converge in the C([0,7]; L?(D;R?)) norm as € — 0 to a limit
evolution u(t) the space of SBD? functions. The fracture set at time ¢ is given by
the jump set Jy, ;) of u(t). (Jy() is the countable union of components contained in
smooth manifolds and has finite Hausdorff d — 1 measure.) At each time the associ-
ated energies PD¢(u) I'-converge to the energy of linear elastic fracture mechanics
evaluated at the limit evolution w(t). This energy is found to be bounded. Away
from the fracture set the limit evolution has been shown to evolve according to the
linear elastic wave equation [27, 28]. What remains missing is the dynamics of the
fracture set Jy, ;). Once this is known a convergence rate may be sought and an
asymptotically compatible scheme may be contemplated.

As shown in this paper the nonlinear nonlocal model is well posed in H? for all
¢ > 0. However the H? norm of the solution gets progressively larger as € — 0
if gradients steepen due to forces acting on the body. On the other hand if it is
known that the solution is bounded in a CP norm uniformly for ¢ > 0 and if p
large enough then one can devise a finite difference scheme with truncation error
that goes to zero independent of the peridynamic horizon [Proposition 5, [24]]. For
example if p > 4 then the peridynamic evolutions converge to the elastodynamics
evolution independently of horizon and an asymptotically compatible scheme can
be developed for the linearized peridynamic force, [Proposition 5, [24]]. We note
that the nonlinear and linearized kernels treated here and in [24] are different than
those treated in [40] where asymptotically compatible schemes are first proposed.

A. Proof of claims. In this section we establish the Lipschitz continuity in the
space W = H?(D;R%) N H}(D;R?) and the existence of a differentiable in time
solution to the peridynamic evolution belonging to W. We outline the proof of
Lipschitz continuity of Q(v;u), see 152, required to show the higher regularity of
solutions in time.

A.1. Lipschitz continuity in H? N H}. We now prove the Lipschitz continuity
given by Theorem 3.1.

To simplify the presentation, we write the peridynamics force £(u) as P(u). We
need to analyze ||P(u) — P(v)|]2.

We first introduce the following convenient notations

s =elel e = . Jo = o » T(€ g, (55)
() = D (56)
Se(Va) = VSe(u) = L= . ve'l@),,, (57)
Se(V2u) = VSe(Vu) = V {V“T(x + fz — Vel @), ] (88)
In indicial notation, we have
Se(Vu); = Letle ) Zual®) ()

S¢
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Se(V2u)ij = (0 €€) = i (7) (ee)| = kg (7 4 ) = iy (@) (ee)k (89)
85 . Sg
and
[ee @ Se(V2u)]iji = (eg)iSe(Vu) ji, (90)

where Uq,5 = (Vu)ij, Uk,i5 = (VQ’LL)MJ‘, and (65)k = fk/‘ﬂ

We now examine the Lipschitz properties of the peridynamic force. Let Fy(r) :=
f(r?) where f is described in the Section 2. We have Fj(r) = f’(r?)2r. Thus,
25 f'(€|€]S?) = F{(1/€|€]S)/\/€l€]. We define following constants related to nonlin-
ear potential

Cy = sup |F{(r)|, C :=sup|F{'(r)|, Cs := sup |F{"(r)|, Cy == sup|F{"(r)]. (91)

The potential function f as chosen here satisfies Cy, Csy, C3, Cy < 0o. Let
Ge(7) = w(ww(a + ), (92)
and we choose w such that
|Vwe| < Cyy <00 and  |V2@e| < C,,, < 00. (93)
With notations described so far, we write peridynamics force P(u) as
2 Fi(y/5e5¢(u))

Pu)(z) = i S0 @s(w)J(léDTesdé (94)

The gradient of P(u)(x) is given by

VP(u)(z) = 2 we () J(IEN)FY (/S¢S (u))eg @ VSe(u)dg

€EWq H,(0)
F{( /3¢S
s 2 ey VI e ae
€EWq Hl(O) 85

= 91(u) (@) + g2(u)(z), (95)

where we denote first and second term as g;(u)(x) and ga(u)(x) respectively. We
also have

V2P(u)(z) = — /H o FETEDF (FES () @ Se( T

€Wq

+ 2 [ @) e VEEE (VFeSe (n)ec © Se(Vu) © Se(Vu)de

€Wd Jm, (0)

2
+— J(IENFY (v/5¢Se (u))ee @ Se(Vu) @ Vg (x)d€
d JH,(0)
2 Fi(\/3¢5¢(u)) o
+ i Jvco) J(|§|)Tes ® Vwe(z)d€

2 [ DI (S (w)ee © Vae(x) © Se(Vu)de

€Wd JH,(0)
= ha(u) (@) + ha(u)(x) + hs(u)(x) + ha(u)(z) + hs(u)(2) (96)

where we denote first, second, third, fourth, and fifth terms as hq, ho, ho, hy, hs
respectively.
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Estimating ||P(u) — P(v)||. From 94, we have
[P (u)(x) = P(v)(x)]

<2 J(ED — | F{(y/5eSe (1) — Fi(\/5eSe(v))]d
€Wd H1(0) ,/85
2 ! L S u) — S v

< o (sl ) [ e lvaeSen - viesctos

=29 [ ek ) — Se(v)de, (97)
€EWq H,(0)

where we used the fact that |we(z)| <1 and |F{(r1) — F{(r2)| < Calri — ral.
From 97, we have

[1P(u) = P(o)]]*

20, J(€D) Il )
</ (w) / . / o IS0 ~ el 0) - 5,0 i

Using the identities |a||b] < |al?/2 + [b]?/2 and (a + b)? < 2a? + 2b2 we get
|1P(u) — P(v)|[?

20 (1€]) J(Inl) 1€1%1Sg (u) — Sg(”)|2+|77|2|Sn(u)—5n(v)\2dd d
/ (Ewd) /1-11(0)/1-11(0) 1€l Inl 2 Sz

2C; J(IED) J(|nl) 1€12]Se (u) — (U)lzd dnd
/ (5Wd) /Hl(o> /H1 © & Inl 2 S

_ 20 - J(I€]) | .12 2lu(z + €€) — v(z + )| + 2Ju(x) — v(=)|?
/D( ) del/Hl(O) €]

- ewq 3 e2|¢|?

_(202\* J(gl) 1
= (@) wqJ1 ./Hl(O)W? {Q/D(\u(x+6§)fv(x+6§)|2+\u(x)fv(x)|2) dz| d¢

205\% - J(€) 1
wgd- _— — de,
= (Ewd) ¢ 1/H1(0) €] €2 [4H H ] ¢ (98)

where we used the symmetry with respect to £ and 7 in second equation. This gives

dédz

1P() ~ PO < Zhlu—oll < 22 lju— vl (99)
where
Ly = 4CsJ,. (100)
Estimating ||V P(u) — VP(v)||. From 95, we have
I9P) = VP@)I| < llg1 (1) 61 (0} +lgaw) — ga(0)|.
Using |we(z)] < 1, we get

191 () () = g1(v)(2)]

S o o DI (eSS (0) — Y (eSS
2

IN

— J(ENIFT (V/5eSe () — FY'(\/5¢Se(0)[|V Se (u)|dg

€Wy H1(0)
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2

+— J(IEDIFY (/3¢S (W) VSe(u) — VSe(v)|dg
€Wd JH1(0)
< 2Gs J(I1€])/5¢|Se (u) — Se(v)[|V Se (u)|dg
€Wd JH,(0)
L2 J(1€])|VSe(u) — VSe(v)|de
€wWd JH,(0)
= I(x) + Ix(x) (101

where we denote first and second term as I;(z) and Iz(z). Proceeding similar to
98, we can show

2 _ 203 J(nl) | 13/21 132
il = (ewd) Lo /Hl(o ot e
X |Se(u) = Se(v)|[VSe(w)]|Sy(u) = Sy (0)[[V Sy (u)|dEdndz

205\ - J
< [ (5) [ sSe) - SO)RIVSc(o o
(102)

Now

/ 1Se () — Se(0) |V Se () da

AfJu — UHQ 1 / 2 2
< = 2(|Vu(z + €€)* + |Vu(x)|*)dx
gl elel® Jp
16][Vul |?[|u — v][5
<
B el
By Sobolev embedding property, see 14, we have ||u — v||oo < Ce, ||t — v||2. Thus,
we get

16C2, || Vul[?|lu — v]3
etlgl

/ |Se () — Se(0) 2V Se () Pdz <

Substituting above in 102 to get
205\* - J(I€]) 16C2, [|ull3
I 2<(> wqJ. / 3¢ °1 u — v||3d
Il s (0 ) walsps [ Sl = i3

etlé]
(8C5Ce, Japallull2 2
=\—@a2 |lu =]z

Let Ly = 8C3061j3/2 to write
Lo ((lull2 + [[vl]2)

1L < 572 [lu = v]l2 (103)
Similarly
20, J(&]) J(Inl)
L|? =
2] / (Wd) /Hl(O /Hl(o) |§| \77| lin
X |VS¢(u) = VSe (v)|[VSy(u) = V.S, (v)|dédndx

2702 S |§| 2{ 2
< (Ewd) wady /Hl(o) £l /|vs£ _ VSe(v)|Pdx | de
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This gives
402j1 Ll
If2]] < —5—Ilu = vll2 = 5 [lu = vll2. (104)
Thus
VeLy + Ly([Jull2 + [[v]]2)
llg1(w) — g1(v)|| < 52 [lu = v]l2. (105)

We now work on |ga2(u)(z) — g2(v) ()], see 95. Noting the bound on Ve, we get
|92(u)() = ga(v) ()]
LIy {ﬂ(\/@&(u)) | F(5ESev))
H1(0) s

:| ee ® Vg (s)d

wa N N
2, Fi(/5eSe(w)  Fl(y/5eSe(®)
< X /HI(O) J<|s|>] . . \ds
<X [ ehiselu) - Setw)lde (106)
€Wq H1(0)

Note that the above inequality is similar to 97 and therefore we get

4C,,, CyJ. C,, L
ll92(u) = g2(0)l| € =257 [Ju = vl = =57 [Ju— vl (107)
Combining 105 and 107 to write

1+ Cuy) Ly + Lo([[ull2 + [[v]]2)

IV P() — VP@)| < Y4

=7 [lu — vl|2. (108)
€
Estimating ||[V2P(u) — V2P(v)||. From 96, we have
IV2P(u) = VZP(v)]]
< (A1 (u) = P (V)] + [lh2(w) = ho(v)[| + ||hs(u) — hs(v)]]
+ [[ha(w) = ha(V)[] + [lhs(w) = hs(v)]]. (109)
We can show, using the fact |we(z)] < 1 and |F{'(r1) — F{'(r2)| < Cs|r1 — r2|, that
2C!
ha(u) (@) = ha(v)(2)] < ;3 J(1€])v/3e|Se (u) — Se(v)]|Se (V*u)|dg
d JH,(0)
C
22 ISV — Se(v20)lde
d JH(0)
= I3(z) + I4(). (110)

Following similar steps used above we can show

8C3Ce, J3 2| |ul|2

< La(llullz +Ivll2)

I1s]] < 5/ [lu— vl (572 [lu—v]l2 (111)
and
402j1 Ll
4]l < —5—Ilu = vll2 = llu = vll2, (112)

where L1 = 4CQj1, L2 = 803081 j3/2.
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Next we focus on |ha(u)(z) — ha(v)(z)|. We have
[ha(u)(2) = ha(v)(2)|

<2 O)J(Iﬁl)ﬁlF{"(@Ss(U)) FY" (/5S¢ (0)) || S (V) | *dg

€Wy H1(
2
ton | " T(1€D)V/3el F1" (/5696 (v))||Se (V) @ Se (V) — Se(Vv) @ Se(Vo)|dg
2C
<20 [ lel)selSelw) — Se(w)l1Se(Vu) Pde
d J H1(0)
2C
20 JEDVEEISe (V) @ Se(Vu) = Se(Vo) @ Se(Vo)d
€Wd JH,(0)
= I5(x) + Is(). (113)
Proceeding as below for ||I5||?
12511*

204 (17 42
/(ewd) /H1 0)/Hl (0) |f‘2 |77|2 1 H

X |Se (1) — Se(0)]|Se () Sy (u) — Sy (0)1S, (Vo) Pdéndz
204 ? T J(IE]) 4.2 _ 2 4
< /D (W) wals /H o e €l o81Se(w) = Se(w)PISe( V) dedo

26:\° J(E) | ¢1a 24||u v|go[ y ]d
< <€Wd) WdJQ»/Ifl(O) €[2 €]%s e /D|55(Vu)\ x| dE. (114)

We estimate the term in square bracket. Using the identity (|a|+ |b])* < (2]a|? +
2|b[?)? < 8la|* + 8|b|*, we have

4 8 4 4
/D|S5(Vu)\ d < 4|€|4/(|Vu(as+e§)| + V()[4 dz

16
< 4|£|4Hvu||L4(D Rdxd)- (115)

where ||ul|ps(pre)y = [fD |u|4dx] /4, Using the Sobolev embedding property of
u € H?(D;R?) as mentioned in 15, we get

16 16C2,
/D|S§(VU)|4d$S 64|£|46(212||v’u’||;t11(D;RdXd = 4|£|4H ||2 (116)

Using ||u — v|]oe < C, ||u — v]|2 and above estimate in 114 to have

20\ [ J(ED | 24C2 [u = ofJ3 160
2 4.2 el
||I5|| < <€Wd> deQL © |£‘2 |£‘ S¢ 62|§|2 4‘§|4|| H df,

and we obtain

16040 C2 j2 |u 2
il < GGl <

Ls([[ull2 + [[v]]2)*
3 lu=wvlfz  (117)

where we let Ly = 16C4C., CZ, J5.
Next we use

15e(Vu) © Se(Vu) = Se(Vv) © Se(Vo)| < (|Se(Vu)| + |Se (Vo) )|Se(Vu) = Se (Vo)
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to estimate ||I5]| as follows
II6]1?
203)2/ / JUED (D) (1372, (372
< — N
- /D (Ewd Hy(0) JHy (0) [€1372 |n]3/2 € nl &

X (|Se(Vu)| + 1S (Vo)])[Se (V) — Se (V)|
X (|Sn (V)| 4 Sy (V)])|Sy(Vu) — Sy(Vv)|dédndz

Cc3\? - J
</ (2 3) walys [ €D e3¢ 6] (15 (V)| + 56 (T0)])?1Se (V) — Se (Vo) Pdede

ewq L(0) €372

AT JED 2|56 (V) — Se(V0)
= (202 s [ Il [ [ (56T 156(T0)ISE () — (T | .
(118)

We focus on the term in square bracket. Using the Hoélder inequality, we have

/D (ISe(Vu)| + |5e(Vo))2|Se(Vu) — S¢ (Vo) 2de

1/2 1/2
< ([asvun+isavnias) ([ seva - sewopiar) T o
D D
Using (|a| + [b])* < 8|a|* + 8|b|*, we get
| (15c(vw]+ 15e(v0) s
<8 {/D|S5(Vu)|4dm+/D|Sg(Vv)|4dm}

8
<8 {W /D(|Vu(z+e§)|4+|vu( )‘ )dz 4+~
128

< @(lel;wﬂm) + 11V [ L4 pomaxay)

128C%,
€4|£|4 (Hvu”Hl(D ;RAXd) + vaHHl(D RdXd))

W / (IVo(z + &)l + |Vo(@)[*)de

[ /\

128C%,
et|gf
128C%
< 2
- oeg

IN

(lullz + lloll3)

(Ilullz + [v]]2)*. (120)

where we used Sobolev embedding property 15 in third last step. Proceeding simi-
larly to get

/ |Sg<w>—sg<w>|4dx

< 64@4 {/ |V (u—v)(x+ €) |4dx+/ IV (u —v)(z)[*dx

< 4‘§|4||v( )||L4(D,Rd><d)
16C;,

< 64‘§|4|| _UHZ (121)
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Substituting 120 and 121 into 119 to get

/D(Iss(W)l +18¢(V0))?|Se(Vu) — Se (Vo) [*da

128C4 12 160t 1/2
s( 2<|u||2+||v||2>4) ( 2||u—v||;*)

etlgft et|gf*
32V/2C% ) )
= W(leﬂlvllz) lJu — vl
64C4 5 5
< 64|£|jf(\|ull2+IIU\Iz) l[u —[[3.
Substituting above in 118 to get
Al
203)2 . / J(ED | 251 [64C2 2 )
< wqJ € 2 (lwl]g + ||v U—v dé.
(Z2) wale [ Smletetel | S Q-+ ol — o]
From above we have
16C3C2, Ja5(I[ull2 + |[v]|2) Ly([lull2 + [|v]]2)
1] < =22k = o] = 22T )y, (122)
€ €

where we let Ly = 16036’32 j3/2.

From the expression of hs(u)(x) and hs(u)(z) we find that it is similar to term
g1(u)(x) from the point of view of L? norm. Also, hy(u)(z) is similar to P(u)(z).
We easily have

() () — ha(w) ()] < 2282 /H o, EDISE(w) = Sewlde

EWd

where we used the fact that |V2w¢(z)| < C,,. Above is similar to the bound on
|P(u)(z) — P(v)(x)], see 97, therefore we have

L,C,,
Ihaw) = ha(o)l| < 252 ffu = vlla. (123)
Similarly, we have
s (w)(@) ~ ha ()|
S o Ly POEDIFY (VRESE(w0) — Y (RES(w) Ve @)1 Se Vol
b o OEDIFY (RESE(w)lec © V() @ (V) — ¢ © V() @ (Vo)
<2 [ DRI — SewlSe(Vlas

2C:C,,
#2020 [ (el ise(Va) - Se(To)lde
d H1(0)
= Cu, (I (2) + I2()), (124)
where I;(z) and Iz(z) are given by 101. From 103 and 104, have
[1hs(u) = hs(0)|| < Co, (Il + [ 22]1)

Cu L1+ Co, L
< VeCy, L + 615/22(Hu”2+HUHQ)HU_UHQ. (125)
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Expression of h3(u) and hs(u) is similar and hence we have

[hs(u) = hs(V)]] < Co, (IHa ] + [[12]])

< VeCu Ln + Co Lo([[ul]2 + [[v]]2)
> 5/2

[lu — ]2 (126)
We collect results to get

V2P (u) — V2P(v)]]

o [eLr+ VeLa(lullz + Tvll2) + Ls(lull2 + [[vll2)* + VeLa(llull2 + [[vll2)

4 €Cun L 4 2¢Cu Ly + 2VeCo, La([[ullz + ||v]]2) I
3

€

[€(1+2C0y, 4 Cuy) L1 + Ve(La +2Cu, Lo + La) ([ull2 + [|v]2)
€3

—v[]2

IN

Ls(||ull2 + ||v]|2)?
+ 3(” ||2 H ||2) :||u—1]||2.

= (127)

We now combine 99, 108, and 127, to get

[[P(u) — P(v)|[2
< [2eLy 4 €L+ Coy)Ln + Ve([[ull2 + [[o]]2)

n €(1+2C, + Cyu,) L1 +V/€(La + 2C,, Ly + La)(||ull2 + [|v]]2)
3

€

L 2
n s([[ull2 +[lv[l2) — ). (128)

. H

We let
l_ll = (4 + 3Cw1 + CW2)L1, Eg = (1 + QCMI)LQ + L4, Eg = L3 (129)
to write

1P(uw) = P(v)]]2
< Lo+ Lo(lfull2 + [[vll2) + La(llull2 + [Jv]l2)?
< =

|lu —vll2 (130)

and this completes the proof of 19.
We now bound the peridynamic force. Note that F{(0) = 0, and S¢(v) = 0 if
v = 0. Substituting v = 0 in 99 to get

L,
[[P(u)|] < €7|\U||2~ (131)

For ||g1(w)|| and [|g2(u)|| we proceed differently. For ||g2(u)||, we substitute v = 0
in 107 to get

C,, L
lg2(w)]| < TWIUIIQ- (132)
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For ||g1(u)||, we proceed as follows

()@ < 22 [ J0€)IVSe(u))de

€EWqd H,(0)

. 2202/ J(I&I)(Wu(ﬁemHw(x)\)dg, (133)
€“Wd JH,(0) |£‘

and we have

ot < (22 wuds [ T Lt o+ 9 )

iy
4C Ty \°
2J1
< (%) Ivar, (134)
i.e.
Ly
g1 ()l < = [lull2- (135)
Combining 132 and 135 gives
(1+Cy,)Ly
IVP)| < ~———F—[lull>- (136)

We now estimate ||V2P(u)|| from above. We have from 96
V2Pl < [lhy ()] + [h2 ()] + [hs ()] + sl + [lhs(w)]]-
From expression of hy(u) we find that

4CyJ, I,
11 (w)|] < —5—Ilullz = = [|ull2
€ €

Bound on ||ha(u)|| is similar to Ig, see 113, and we have

8C302 Js /9 L,
Iha()ll < =252l < 275 llull3,

where Ly = 16C5C2 Js/5. Case of ||hs(u)|| and ||hs(u)]| is similar to ||gi(u)|], and
case of ||hg(u)|| is similar to ||P(u)||. We thus have

C,, L1
1ha()l] < =25 lull2
and
C,, L C,, L
sl < <5 lull, and [Jhs(w)l] < 57 full
Combining above to get
1v2p| < YL Cln #2000+ Bl (137)
= 5/2 :
Finally, after combining 131, 136, and 137, we get
Ve +3Cu, + Cuy )Ly + Ly||ulf2
1P (u)]]2 < = [lul]2.
We let
E4 = El and E5 = L4 (138)
to write
L L 2
1P(u)|] < Zallullz * Lsllully (139)

5/2
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This completes the proof of 20.

A.2. Local and global existence of solution in H?>NH{ space. In this section,
we prove Theorem 3.2. We first prove local existence for a finite time interval. We
find that we can choose this time interval independent of the initial data. We
repeat the local existence theorem to uniquely continue the local solution over any
finite time interval. The existence and uniqueness of local solutions is stated in the
following theorem.

Theorem A.1. Local existence and uniqueness Given X = W xW , b(t) € W,
and initial data xo = (ug,vo) € X. We suppose that b(t) is continuous in time over
some time interval Iy = (=T, T) and satisfies sup,¢;, ||b(t)||2 < oo. Then, there

exists a time interval I' = (=T, T') C Iy and unique solution y = (y',vy?) such that
y e CHI'; X) and

y(t) = xo +/O Fe(y(r),7)dr, forte I (140)

or equivalently
y'(t) = F(y(t), 1), with y(0) = xo, fort eI’
where y(t) and y'(t) are Lipschitz continuous in time for t € I' C Iy.

Proof. To prove Theorem A.1, we proceed as follows. Write y(t) = (y*(t),%%(t))
with [|y||x = [ly*(®)||2 + ||y%(t)||2- Let us consider R > ||xo||x and define the ball
B(0,R) = {y € X : |lyllx < R}. Let r < min{l, R — ||zo||x}. We clearly have
r? < (R — ||lzol|x)? as well as 2 < r < R — ||xg||x. Consider the ball B(zg,r?)
defined by

B(zo,r*) ={y € X : ||y — mo||x < r*}. (141)

Then we have B(zg,r%) C B(xg,r) C B(0, R), see Fig 3.
To recover the existence and uniqueness we introduce the transformation

Sz (Y)(t) = 0 +/0 Fe(y(r),7)dr.

Introduce 0 < T” < T and the associated set Y (T”) of functions in W taking values
in B(zg,r?) for I' = (=1",T") C Iy = (=T, T). The goal is to find appropriate in-
terval I’ = (=T",T") for which S,,, maps into the corresponding set Y (T"). Writing
out the transformation with y(t) € Y(T") gives

81 () = b + / yA(r) dr (142)
82 (y)(t) = a2 + / (C(y (7)) + b(r)) dr. (143)

We have from 142
IS5 O bl < s W07 (144)

Using bound on £¢ in Theorem 3.1, we have from 143

T L Ls
12,0000~ 3l < [ |-l Ol + AR + b ar. (145)
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Let b = sup,cy, |[b(t)|]2. Noting that transformation Sy, is defined for ¢t € I’ =
(=T, T") and y(7) = (y*(7),y%(7)) € B(zo,7?) C B(0,R) as y € Y(T"), we have
from 145 and 144
152, (W) () — z5|l2 < RT”,
L,R+ LsR>
182,000 a3l < | P g 7
€

Adding these inequalities delivers

LiR+ LsR? .
150 () (1) = ol x < [465/2+R+b} T (146)
Choosing T” as below
2
< . (147)
[7“1?@5’% +R+ b]
will result in S, (y) € Y(T") for all y € Y(T”) as
1820 (1) (1) — wollx < 1. (148)
Since r? < (R — ||xo||x)?, we have
- 2 (R~ flaollx)*
(LR 4 Ry b]  [LEEER 4 R b
Let 6(R) be given by
R — 2
Q(R) — 7( _ H;EOHX) —. (149)
|Laitfaft® 1 R+ )
O(R) is increasing with R > 0 and satisfies
0o = lim O(R) = 1
So given R and ||zo||x we choose T” according to
6(R
% <T' <0(R), (151)

and set I’ = (=T",7"). This way we have shown that for time domain I’ the
transformation S,,(y)(t) as defined in 140 maps Y (7”) into itself. The required
Lipschitz continuity follows from 19 and existence and uniqueness of solution can
be established using an obvious modification of [Theorem VIL3, [7]]. O

We now prove Theorem 3.2. From the proof of Theorem A.1 above, we have a
unique local solution over a time domain (—77,T") with @ < T’. Since (R)
"/2/Ls as R /* oo we can fix a tolerance n > 0 so that [(e*/2/2L5) —n] > 0.
Then for any initial condition in W and b = sup,c(_7 1) [[b()|[2 we can choose R
sufficiently large so that ||zo||x < R and 0 < (¢/2/2Ls) —n < T". Since choice of
T’ is independent of initial condition and R, we can always find local solutions for
time intervals (—T",T") for T’ larger than [(€/2/2L5) —n] > 0. Therefore we apply
the local existence and uniqueness result to uniquely continue local solutions up to
an arbitrary time interval (=T, T).
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FIGURE 3. Geometry.

A.3. Proof of the higher regularity with respect to time. In this section we
prove that the peridynamic evolutions have higher regularity in time for body forces
that that are differentiable in time. To see this we take the time derivative of 2 to
get a second order differential equation in time for v = 4 given by

pOu(t, ) = Qu(t); u(t))(z) + b(t, ), (152)
where Q(v;u) is an operator that depends on the solution u of 2 and acts on v. It

is given by, Vx € D,
2
Q(v;u)(x) :

€lwy

[ Wi swawy-aswnn =, 05)
H.(x) |y - Jf|

Clearly, for given w, Q(v;u) acts linearly on v which implies that the equation
for v 152 is a linear nonlocal equation. The linearity of Q(v;u) implies Lipschitz
continuity for v € W as stated below.

Theorem A.2. Lipschitz continuity of QQ Let u € W be any given field. Then
for all v,w € W, we have

2
1Qsu) — Qus )y < oAz By, oy, (154)

where constant Lg does not depend on w,v,w. This gives for all v € W the upper
bound,

Le(1 4 ||ul]2 + ||u||2
Qs < Lotz + ) (15%)

We postpone the proof of Theorem A.2 and provide it in the following subsection.
From the theorem, we see that if u is a solution of 2 and u € C?(Ip; W) then we
have for all ¢ € Iy the inequality

Le(1 + sup,cp, |[u(s)]|2 + supyey, [[u(s)[]3)
R w2 < et (0002 Tt R ol (156)
Next we remark that the Lipschitz continuity of 3/ (t) stated in Theorem 3.2 implies
lim; 0+ OZu(t,x) = 02u(0,z). We now show that v(t,z) = dyu(t,z) is the unique
solution of the following initial boundary value problem.




FE APPROXIMATION OF NONLOCAL FRACTURE MODELS 1707

Theorem A.3. Initial value problem for v(t,z) Suppose the initial data and
righthand side b(t) satisfy the hypothesis of Theorem 3.2 and we suppose further
that b(t) ewists and is continuous in time for t € Iy and sup,c, ||b(t)||l2 < oo.

Then v(t,x) is the unique solution to the initial value problem v(0,z) = vo(x),
0 (0,z) = 04u(0,2),
pd2u(t, ) = Q(v(t); u(t))(z) 4 b(t, x), t € Iy, (157)
v e C%(Iy; W) and
1050 (t )2 < N|Qu(t); u(t) ()]]2 + [[b(¢, 2)|2- (158)

Theorem 3.3 now follows immediately from Theorem A.3 noting that dyu(t, z) =
v(t, z) together with 156 and 158 . The proof of Theorem A.3 follows from the
Lipschitz continuity 156 and the Banach fixed point theorem as in [7].

A.4. Lipschitz continuity of Q(v;u) in H? N H}. We conclude by explicitly
establishing the Lipschitz continuity of Q(v;u). Recall that Q(v;u) is given by

2

v;u)(x) = ZWe(S(y, z;u),y — z)S(y, x;v yid
Q@) = e [ RISy )5, )y

From expression of W€ in 7 and using the notation Fy (r) = f(r?) we have

WS,y — @) = 2 (w<m>w<y>m ST )

ely
= w(@)ol) "= gy —ls).

Substituting above, using the change of variable y = x + €£,£ € H1(0) and using
the notation of previous subsections, we get

Quiw)a) = — [ @e(e)J(EDFY (y5eSe () Se (v)ecde. (159

€Wy Hy (0)

We study ||Q(v;u) — Q(w;u)||2 where u € W is a given field and v, w are any
two fields in . Following the same steps used in the estimation of ||P(u) — P(v)]
together with the bounds on the derivatives of F}, a straight forward calculation
shows that

Ly Ly
QW) — QUuswl| < v - wll < v = wlla, (160)

where L; = 4C5J;.
We now examine ||VQ(v;u) — VQ(w;u)||. Taking gradient of 159 we get

VQviu)(x) = — /H o F@T(EDF(seSe(u))ee  VSe(w)de

€EWd

w2 [ D FY (e Sew) Se(v)ee © Vi (w)de

€Wy H,(0)

2 Ge(@) () EEEY (3eSe () Se(w)ee © VSe(u)de

ewd J i, (0)
=: G1(v;u)(x) + Ga(v;u)(x) + G3(v;u)(x). (161)
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It is straight forward to show that

L, Ly
1G1(v;0) = Gr(wsu)|] < —|[Vv = V|| < = [Jo — w2
L.C.,

2
Applying the inequalities |S (1) — Se(w)] < 21[v—wlloe /(el€]) < 2C,[[o—wll2/ (€l€])
and |F}"(r)| < Cs5, we have

|Gs(v;u)(z) — Gs(w; u)(z)|

1G2(v; u) — Ga(w;u)|| < [lv —wl <

L,C
=5 o = wlls.

_ 4CaCy v —wlls 1 / TUED 61195 ) e
H

e/ wa Jr,(0) 1§72
Using the estimates above one has

< 8C5Ce, J3/2

[|Gs(v;u) — Gs(w;u)|| < 5/2

[lull2lfo = wllo = [ull2|lv = wll2,

2
2
where Loy = 803Celj3/2. On collecting results, we have shown
VeL (1 + Cu,) + La||ull2
/2
Next we take the gradient of 161, and write
V2Q(v;u)(z) = VG1(v;u)(x) + VGa(v;u)(z) + VG3(v; u)(z). (163)

Following the steps used in previous subsection, we estimate each term in 163 to
obtain the following estimate given by

IVQ(v;u) = VQ(w; u)|| < [lv = wll2. (162)

Ls(1 + Julls + [[ull3)

192Q(v:u) — V2Q(w; u)|| < -

v —wl]2. (164)

The proof of Theorem A.2 is completed on summing up 160, 162, 164 under the
hypothesis € < 1.
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